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Abstract

The primary goal of multivariate regression analysis is to estimate model parameters.
However, when the data includes outliers or extreme observations, the maximum likeli-
hood estimator may not be suitable for estimation. Therefore, it’s essential to identify a
parameter estimation method that remains relatively unaffected by minor changes in the
data. In this paper, we present a robust approach to multivariate regression that relies
on the robust estimation of the joint location and scatter matrix for both the explanatory
and response variables. We make use shrinkage based robust location and scatter matrix
proposed by Lakshmi and Sajesh (2025). Through simulations, we explore the finite-
sample performance and robustness of the estimator. To improve efficiency, we suggest
a reweighted estimator selected from multiple reweighting options. We demonstrate that
the multivariate regression estimator possesses the equivariance properties. The proposed
estimator achieves a balance of high robustness and efficiency in estimation. Proposed
estimator’s efficacy is illustrated using no: of benchmark dataset.

Keywords: multivariate regression, shrinkage .S, estimator.

1. Introduction

In statistical modeling, regression analysis is a method used to estimate the relationships
between variables. It involves a range of techniques for modeling and analyzing multiple
variables, with an emphasis on the relationship between dependent (response) variables and
independent (predictor) variables. More precisely, regression analysis helps to understand how
the expected value of the dependent variables shifts when any of the independent variables are
altered. As discussed, the multivariate regression model allows us to examine the influence of
several variables on one or more dependent variables within the same model.

Let x = (z1,29,... ,a:p)t be a p - dimensional predictor and a ¢ - dimensional response
y = (y1,92,-..,yp)". Consider a multivariate regression model y = B'x +a +¢, Bis p x ¢
slope matrix, « is g-dimensional intercept vector, and € = (eq, ... ,eq)t denotes the ¢.7.d. error

term with mean zero and cov(e) = X, is a ¢ X ¢ positive definite matrix. Let p denote the
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location of joint variables (x,y) and X denotes their scatter matrix. Partition matrix of

and X be as follows: p = Fx)and = ooc Zoxy
Hy Yyx  yy

estimates of p and 3, empirical mean fi and empirical covariance matrix 3 are often used
as estimates. The components of the resulting estimators i and 3 are utilized in the least
squares equations (Johnson and Wichern 2002) as follows: It is widely recognized that classical
multiple regression is highly sensitive to outliers in the data (see, Suhail, Chand, and Kibria
(2021), Lukman, Farghali, Kibria, and Oluyemi (2023), Wasim, Zaman, Ahmad, and Kibria
(2025), Alghamdi, Hammad, Golam Kibria, Abd-Elmougod, Sapkota, and Gemeay (2025),
Yasmin and Kibria (2025)). This issue is equally prevalent in the context of multivariate
regression, since classical i and S are sensitive in the presence of anomalies. To address this
issue, one can substitute the classical estimates of location and scatter with highly robust
estimates that are less sensitive to outliers, enabling a more robust analysis. Maronna and
Yohai (1997) provide an overview of robust multivariate regression algorithms in the context
of simultaneous equations models. Although Koenker and Portnoy (1990) presented a M-type
approach, their estimator lacked affine equivariance. Rousseeuw, Van Aelst, Van Driessen,
and Gull6 (2004) proposed estimator based on the robust estimate of the location and disper-
sion of the joint distribution of the (x,y) variables using Minimum Covariance Determinant,
which is computationally time consuming and expensive. Ollila, Oja, and Hettmansperger
(2002) and Ollila, Oja, and Koivunen (2003) introduced multivariate regression based on rank
covariance matrices and evaluated their properties in their paper. The proposed estimator
possess good efficiency, but fails to perform in usual sense of robustness. A multivariate re-
gression extension of the least trimmed squares estimator (MLTS) was investigated by Agulld,
Croux, and Van Aelst (2008), in which slope matrix is obtained as minimum of the deter-
minant of the robust MCD scatter matrix of the residuals. Van Aelst and Willems (2005)
introduced S-estimators in multivariate regression similar to that of MLTS. Both LTS and
S based multivariate regression estimators performs with least squares as initial fit. Sajana
and Sajesh (2018) introduced multivariate regression estimator based on Comedian covari-
ance and empirically developed the properties of the proposed estimator, also checked the
performance through simulation study. The estimator performs better in terms of robustness
and efficiency with respect to other estimators compared in their paper.

) . Conventional maximum likelihood

In this study we propose to make use of reweighted, Shrinkage based S,, covariance estimator
and Shrinkage L1 median as robust alternatives to the classical estimates of ¥ and p respec-
tively, which developed by Lakshmi and Sajesh (2025), multivariate regression estimator. We
make use of the proposed estimator here and compare it with classical MLE, Rousseeuw et al.
(2004), Orthogonalized Gnanadesikan - Kettenring (OGK) estimates of Maronna and Zamar
(2002) based multivariate regression estimates, Sajana and Sajesh (2018) and Kunjunni and
Abraham (2022) based multivariate regression estimates. Unlike MCD-based regression and
S-estimators, which rely on high-breakdown but computationally intensive covariance esti-
mation and often suffer from efficiency loss under moderate contamination, the proposed
method is built on a multivariate extension of the .S, scale estimator combined with shrink-
age regularization. This avoids subsampling or iterative re-weighting schemes inherent to
MCD and S-procedures, leading to improved numerical stability and scalability in moderate-
to-high dimensions. In contrast to OGK-based approaches, which depend on pairwise scale
estimates and orthogonalization that may propagate outlier effects across components, the
proposed estimator directly incorporates robust scale information within a shrinkage frame-
work. Moreover, the present approach extends S, to a multivariate shrinkage setting, explic-
itly addressing multicollinearity and high-dimensional structure. As a result, the proposed
method achieves a favorable balance between robustness, efficiency, and regularization that
is not simultaneously attained by existing approaches.

Next section of this article describes our proposed multivariate regression estimator and fol-
lowing section shows the simulation study on robustness and efficiency property of the pro-
posed estimator. We also prove the equivariance property empirically. We have shown the
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real - world application and lastly gives the conclusion of our work.

2. Shrinkage S, multivariate regression

The principle behind shrinkage estimation lies in the notion of “shrinking” an estimator E
towards a target estimator T', which serves to effectively diminish estimation errors. Utilizing
a shrinkage estimator offers a significant benefit by balancing bias and variance. Cabana, Lillo,
and Laniado (2021) proposed the shrinkage estimator of L; - median as a robust alternative
to the location. And the shrinkage estimator based on Li-median is defined as:

fsp, = (1 =)y +nvge, (1)

where v,e is the shrinkage target matrix, e is a vector of ones with p - dimension and fi;,,
is the Li-median from the samples. Scaling factor v, and the shrinkage intensity 7 should be
such that, they minimize the expected quadratic loss. S, covariance of two random variables
X and Y be:

Sp(X,Y) = 1.4304(med; [med £ { (z; — 2;)(vi — y;)}])-

Let X be n x p matrix with sample size n, number of variables p, and X;(j = 1,2,...,p) be the
column of the matrix. The covariance matrix of X based on S, would be: S, = Sn (X, Xj).
The influence function of S, covariance used in shrinkage S,, matrix is bounded (Croux,
Rousseeuw, and Hossjer 1994). Breakdown of univariate median is nearly 50% because out of
n points, if [(n —1)/2] points changed, median remains bounded. The S,, covariance used for
obtaining Shrinkage .S,, is nothing but two folded repeated median which is bounded and has
an asymptotic breakdown of 50% by the following theorem improved from Siegel (1982). The
repeated median estimator .S,, will remain bounded whenever more than [(n — 1)/2] points of
n observations are confined fixed while the remaining points are arbitrarily moved. By estab-
lished results for repeated median estimators (Siegel 1982) and S,, covariance estimators, this
functional possesses a bounded influence function and an asymptotic breakdown point of 50%.
Ledoit and Wolf (2004) and DeMiguel, Martin-Utrera, and Nogales (2013) shown shrinkage
covariance estimation technique itself a consistent estimation technique too. Consequently,
the regression estimator constructed from the joint Shrinkage S,-based scatter matrix of the
explanatory and response variables inherits these robustness properties.Moreover, the sub-
sequent reweighting step, based on robust residuals from the initial S,,-based fit, improves
statistical efficiency while preserving robustness (Lopuhaa and Rousseeuw 1991; Lopuhaé
1999).

The robust version of covariance matrix based on Shrinkage .S, would be:

A ~

Son =1 —n)E+nT, where E =25, (2)

Lakshmi and Sajesh (2025) proposed the shrinkage-based S,, covariance matrix as a robust
alternative to the traditional covariance estimator. The shrinkage estimator defined in (2),
where T is the shrinkage target matrix, the shrinkage intensity 7 is estimated from the data,
for which theoretical justification is provided in the Supplementary Material. In practice,
the shrinkage intensity 7 is computed once using the closed-form expression derived in the
Supplementary Material and is directly used in the construction of the shrinkage-based S,, co-
variance estimator. In this paper we utilize the above defined location estimate and covariance
matrix estimate and there by propose a reweighted regression estimator.

Consider z = (x, y), the joint variable with location and covariance matrix p, X respectively.
The associated squared Mahalanobis distance for each observation z;,i = 1,2,3,...,n, based
on initial estimates of Shrinkage L1 median fig, and Shrinkage S,, covariance matrix 3gj, be:

. &1 .
RD2(Zi) = (z; — NSh)tZSh(Zi — figp)- (3)
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The weight function based on above defined robust Mahalanobis distance be w; = w(RD?(z;)),

where a weight of 1 be assigned to the observations (z;) with a Mahalanobis distance less than
X3.95., X median(RD?(z;))

¥ . The cutoff used for the robust distance—based weights follows the same
0.5,p

construction as that proposed by Maronna and Zamar (2002) and Lakshmi and Sajesh (2025)
for robust distance measures. Thus the reweighted shrinkage location and S, covariance
matrix be defined as:

~1 2?21 W;Z; 1 _ Z?:l wi(zi - ﬂl)(zz’ - ﬂl)t 4
=1 Wi Zi:1 ws

It makes sense to use weights in regression analyses based on the residuals from the original
fit (Rousseeuw and Leroy 1987). Let the residuals based on weighted regression estimates
(WR) be:

T =Yy — ]:%txi — a. (5)

Now we again reweight the W R estimator based on the residuals defined above. Consider
the weights wr; = w(RD?(r;)) which assign a weight 1 to the residuals (r;) with Mahalanobis
distance less than X%,O.ng where RD?(r;) be the Mahalanobis distance of W R residuals, defined

as RD?(r;) = r;i’(3¢) 'r;. The final reweighted regression estimators be:

71,’1

n
T = (Z wriuiuf> Z wryiu;, (6)
i=1 i=1

and

A . . R . .
e = — ) (7)

where T = ((BR)t,dR)t, w = (x, 1) and (rf); = y; — (]§R)txi — & and TF be the

proposed reweighted shrinkage multivariate regression estimator (SS,). The superscript R
implies the weights were based on initial regression. The robustness of these reweighted
regression estimators is derived from the properties of the initial regression estimators. It
is important to note that the weights now depend solely on the magnitude of the residual
distance wrj. Unlike the initial estimates, good leverage points are no longer down weighted.

Algorithm 1: Shrinkage Sn—based reweighted multivariate regression (SSn)

1. Form the joint observations z = (x, y).
2. Compute the fig; and covariance Sn.

3. Compute the shrinkage S,, covariance estimator f]Sh =(1- n)ign + 0T, where the
shrinkage intensity 7 is obtained from the closed-form expression derived in the Supple-
mentary Material.

4. Compute robust squared Mahalanobis distances

el R
RD*(z;) = (i — fusn) En(2i — fugp)- (8)

5. Define weights w; = w(RD?(z;)) based on RD?(z;).

6. Compute weighted location and scatter estimators

al = i1 WiZi $1_ S wilzi — pt)(z — ﬂl)t_ 9)

n . Y n .
i=1 Wi D el Wi
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7. Compute residuals
r; =y; — Blx; — 4. (10)

8. Consider wr; = w(RD?(r;)) which assign a weight 1 to the residuals (r;) with RD?(r;)
less than X%,o.gg-

AR
9. Compute the final reweighted regression estimator T# = ((B")!, &%)

Note. The shrinkage intensity 7 is computed once and is not updated iteratively.

3. Efficiency

To assess the efficiency of the proposed regression estimator, we conducted the following
simulation study. For different sample sizes n and various choices of p and ¢, we generated
r datasets of size n from the multivariate standard Gaussian distribution N (0, I,14), where
B = 0 and a = 0. For each data set (I = 1,2,...,7), we conduct the reweighted regression
estimation as defined in Section 2 based on shrinkage estimators, yielding p x ¢ slope estimate

A 2 (1
B intercept estimate &Y and the covariance matrix estimate ZE( ) of the errors.
The variance estimate of slope coefficient is obtained as:
Var(Bjk) = nvar(fig.l,z), where j=1,2,....,p and k=1,2,...,q. (11)

Then the corresponding finite sample efficiency of the slope estimate is defined as

1/ave; (Var(Bjk)). Similarly, we calculate the finite-sample efficiency of the intercept vector.
To assess the accuracy of the error scatter matrix, we use the standardized variance (Bickel
and Lehmann 2012) of the elements of the error covariance matrix, defined as follows:

& ()
& nvar;((2 .
st.var (25]]6) = l(( AE (l))]k)
[avejave; (e ) 55)]?

for 7=1,...,q and k=1,...,q.

The overall finite-sample efficiency of the off-diagonal elements is then defined as follows
1 /ave#k(st.var((fle)jk)). And the finite sample efficiency of diagonal elements is given by
2/ave;(st.var((3e);;)). The Table 1 and Tables 24, 25, 26 in Supplementary material show the
results. It is very clear, under non outlier scenario MLE is performing well. And our proposed
estimator stands next to MLE showing better performance than other robust estimators by
possessing least MSE, bias.

4. Robustness

We performed simulations to investigate the finite-sample robustness with dataset containing
outliers. A vertical outlier is a point (x;,y;) whose x; is not outlying but does not follow the
linear trend of the majority of the data. A point (x;,y;) where x; is an outlier is referred to
as a leverage point. If this (x;,y;) deviates from the pattern of the majority, it is termed a
bad leverage point. Conversely, if it aligns with the majority pattern and does not negatively
impact the fit, it is considered a good leverage point. Regression estimators often fail when
confronted with vertical outliers or bad leverage points. In this study we created datasets
that include both types of outliers for the evaluation of estimators. For a given sample size
n, we generate r = 1000 datasets from multivariate standard Normal distribution with mean
0 and identity matrix I,, as variance covariance matrix. For the evaluation purpose, we
consider 10%, 20% and 40% contamination in datasets. Keeping x;, the g response variables
are taken from multivariate normal distribution N (2, /X]Q) +q’0_99,Iq). This produces vertical

outliers, because here only response variables are outlying. We also replaced the data with
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Table 1: Efficiency table, n = 100

Estimators Slope Intercept  Xgiaq Yot fdiag
p=4,q=14

SSy, 1.133559 0.987338 2.26897 1.166734
MLE 1.098142 1.062179 2.179757 1.118315
Comedian 1.208254 1.036421 2.626631 1.28434

MCD 1.855456 1.611511 4.231406 2.018595
OGK 1.251197 1.134508 2.785136 1.343533
Sn 1.055214 1.006972 2.244428 1.14198

p=4,q=28

SSy, 1.069516  1.05058 2.171636  1.082605
MLE 1.079249 1.052644 2.194896 1.087536
Comedian 1.216045 1.096154 2.454006 1.268528
MCD 1.781371 1.614493 3.718948 1.850268
OGK 1.253904 1.080404 2.717749 1.311943
Sn 1.074581 1.0278 2.206211 1.093251
p=8,qg=4

SSy, 1.187912 1.027722 2.450559 1.203182
MLE 1.131539 1.114378 2.46635 1.156902
Comedian 1.27453 1.158034 2.739073 1.334702
MCD 2.173524 1.856234 4.767762 2.382701
OGK 1.324617 1.135834 2.935003 1.443301
Sn 1.132202 1.067909 2.397812 1.122268
p=10,q¢ =10

SSy, 1.197286 1.11769 2.353268 1.186694
MLE 1.146476 1.141881 2.296645 1.135159
Comedian 1.318311 1.204311 2.674198 1.319547
MCD 2.350712 2.063462 4.494091 2.282524
OGK 1.414083 1.240724 2.915869 1.421498

Sh 1.261643 1.165052 2.627408 1.261015
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bad leverage points for which the p independent variables are generated according to multi-
variate normal distribution N (2,/ X%,o.gg’ I,,) and the g dependent variables are generated from

multivariate normal N (2, /X3,0.997 I,). Apart from the mentioned distribution, we also consid-
ered observations from multivariate normal N (2, /X?)Jrq’o.gg, 0.1 x 1), N(2 Xg,o.gg’o‘l x 1y),

N(2,/ X;zo,o.gga 0.1 x I,) respectively for vertical outliers and bad leverage points. Rather than
using observations from different distributions, which would make it easier for the estimators
to detect outliers and perform, we opted to use the same multivariate normal distribution with
varying parameters. As in efficiency study, we generate each dataset (I = 1,2,...,r),compute
the slope matrix estimate f’:(l), the intercept estimate &Y and the covariance matrix estimate
25(” of the errors. In order to measure robustness, we make use of bias and mean squared
error (MSE). As in the case of uni variate component, the bias and MSE of the slope are
defined as:

bias(B) = \/aVej,k(biaS(Bjk)2)

and

MSE(B) = ave; ,(MSE(Bj)).

Similarly bias, MSE for the intercept &, for diagonal and off diagonal elements of 3. are
calculated. Only one table of robustness property for dimension (p,q) = (4,4) is given in
Table 2, remaining tables (more than 22 tables of combination of dimension and sample size)
of all dimension and sample sizes considered in the study for robustness property provided
in Supplementary material. The overall results from the supplementary tables show that
irrespective of dimension and sample size our proposed estimator shows least MSE, bias
than other robust estimators compared in the study. For higher contamination, especially
for 20%, 40% also, our proposed estimator exhibits better performance in terms of MSE,
bias, i.e., S5, based multivariate regression estimator possesses the least MSE, bias than
other compared estimators. This gave un an empirical evidence on robustness of proposed
regression estimator.

Generalized approaches to regression, scale, affine equivariance, and the robustness of multiple
regression estimators were introduced by Rousseeuw and Leroy (1987). Regression equivari-
ance implies that if a linear function of the explanatory variables is added to the responses, the
coefficients of that linear function are similarly added to the estimator. The y - equivariance
of the estimator means that a linear transformation of the response variables results in the
estimator being transformed in the same way. x - equivariance indicates that if the predictor
variables undergo a linear transformation, the estimator will transform correspondingly. The
three equivariance properties are proven for our proposed estimator empirically by considering
contaminated scenarios same as for checking robustness, additionally 0% contamination too
considered. MSE values are considered for the evaluation. Results are tabulated in Tables 3
and 4 given below.

Under moderate to severe contamination, the proposed shrinkage 5S,,—based reweighted es-
timator consistently exhibits lower mean squared error and improved stability compared to
classical estimators and several established robust alternatives. This advantage is particularly
pronounced for larger dimensions and higher contamination levels, where methods such as
MCD, OGK, and Comedian often suffer from increased variability or breakdown.

In contrast, under clean or near-clean data settings, classical estimators based on maximum
likelihood tend to be more efficient, as expected, and may outperform robust procedures
including the proposed method. This behavior reflects the usual robustness—efficiency trade-
off and indicates that the S.S,, estimator is not designed to replace the MLE in ideal conditions,
but rather to provide reliable performance in the presence of contamination.
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Table 2: Robustness table - contaminants from N (2, /X12)+q,0.99’ 0.1 x Iq> with delta = 10%,
p=4,q=4, diag = 0.1

Slope Intercept Diagonal  Non- Slope bias Intercept Diagonal Non-
MSE MSE element diagonal bias element diagonal
mse elements bias element
mse bias
n = 50
Sn 0.027062 0.024811 0.869399  0.02140 0.003809 0.001816 0.908377 -0.00498
MCD 0.056792 0.029701 0.805927  0.02885 -0.00122 -7.10e-5 0.880357 -0.00533
Comedian 0.027862 0.024672 0.852523  0.02171 0.002757 0.000244 0.898504 -0.00392
OGK 0.032135 0.025488 0.85953 0.02285 0.000946 0.00393 0.872867 -0.00075
SSn 0.027537 0.02368  0.80369 0.01998 0.00056 5.10e-3 0.87283 -0.00295
n =100
Sn 0.012804 0.011781 0.903699  0.011783  -0.00017 -0.00153 0.938678 0.006895
MCD 0.015236 0.01145 0.880362  0.01302 -0.00177 0.000362 0.950676 0.008832
Comedian 0.012505 0.011895 0.902279  0.011021  -0.00057 -0.00269 0.93753 0.00686
OGK 0.014642 0.013542 0.877704  0.012663  0.000848 0.000761 0.926497 0.008697
SSn 0.01248  0.0113 0.864418  0.010806  0.000346 0.002428 0.917793 0.006029
n = 200
Sn 0.005973 0.005682 0.926016  0.005729  -0.000800 0.000141 0.956202 0.003477
MCD 0.006437 0.00573  0.946856  0.006063  0.000298 0.000251 0.913761 0.003293
Comedian 0.005955 0.005523 0.923031  0.005722  -0.000590 -0.000910 0.954904 0.00261
OGK 0.013524 0.011409 0.91934 0.011265  0.001151 0.003127 0.891392 0.00972
SSh 0.00591 0.005506 0.898654 0.005729 0.000355 -0.00044 0.941665 0.002543
n = 500
Sn 0.002309 0.002166 0.93471 0.002198  4.65e-5 -0.00025 0.964442 0.001258
MCD 0.002404 0.00217  0.925404  0.002333  -1.90e-5 0.000597 0.969063 0.002317
Comedian 0.00231  0.002195 0.933463  0.002302  -0.00019 0.001192 0.963769 0.001277
OGK 0.002426 0.002143 0.938785  0.002358  -4.90e-5 0.000273 0.96283 0.000895
SSn 0.00266  0.00242  0.92209 0.00258 -0.00025 0.00093 0.95751 0.00021
Table 3: y-affine equivariance table
p=4,q9q=4 p=26,qg=10 p=10,q =6 p=10,q =10
Slope Intercept  Slope Intercept  Slope Intercept  Slope Intercept
delta = 0%
n =50 3.08e-5 8.80e-5 1.67e-5 6.62e-5 1.60e-5 9.53e-5 1.19e-5 8.59¢e-5
n = 100 7.67e-6 2.21e-5 3.68e-6 1.48e-5 2.63e-6 1.92e-5 2.61e-6 1.69e-5
n = 200 1.71e-6 5.71le-6 7.03e-7 3.42¢-6 5.37e-7 4.13e-6 4.25e-7 3.60e-6
n = 500 3.24e-7 1.13e-6 9.88e-8 5.39e-7 1.17e-7 9.51e-7 6.41e-8 5.16e-7
delta = 10%
n = 50 4.07e-5 9.28e-5 2.21e-5 6.86e-5 1.30e-5 1.15e-4 1.21e-5 8.00e-5
n = 100 1.16e-5 3.22e-5 3.64e-6 1.23e-5 3.10e-6 2.13e-5 2.29e-6 1.59e-5
n = 200 4.63e-6 1.69e-5 8.22e-7 3.53e-6 6.20e-7 4.77e-6 4.89e-7 3.59¢-6
n = 500 6.00e-6 6.27¢-6 1.40e-7 6.60e-7 2.14e-7 6.08e-6 9.14e-8 6.73e-7
delta = 20%
n = 50 1.04e-4 0.002708  4.94e-6 1.46e-5 5.47e-6 0.00021 4.03e-6 2.70e-5
n = 100 4.96e-5 0.002438 1.31e-6 4.29¢-6 2.74e-6 0.00026 9.84e-7 5.26e-6
n = 200 6.42¢-5 0.003637  3.18e-7 1.15e-6 1.28e-6 1.93e-4 1.55e-7 1.21e-6
n = 500 8.49e-5 0.004147  6.71e-8 2.38e-7 1.88e-6 9.19e-4 3.54e-8 4.32e-6
Table 4: x-affine equivariance table
p=4,q=4 p=26,qg=10 p=10,¢q=6 p=10,q =10
Slope Intercept  Slope Intercept  Slope Intercept  Slope Intercept
delta = 0%
n = 50 1.33e-1 4.11e-4 1.45e-1 1.94e-4 1.75e-1 5.19e-4 1.29e-1 2.91e-4
n = 100 1.06e-1 8.88e-5 1.01le-1 5.39e-5 1.14e-1 1.02e-4 9.18e-2 8.18e-5
n = 200 6.33e-2 2.79e-5 5.79e-2 1.40e-5 8.21e-2 2.52e-5 5.60e-2 1.85e-5
n = 500 6.53e-2 4.73e-6 4.32e-2 2.27e-6 3.37e-2 3.25e-6 3.72e-2 2.63e-6
delta = 10%
n = 50 2.10e-1 4.25e-4 1.43e-1 2.22e-4 2.04e-1 5.88e-4 1.42e-1 2.93e-4
n = 100 8.75e-2 3.93e-5 9.87e-2 6.58e-5 1.42e-1 1.99e-4 1.05e-1 1.03e-4
n = 200 1.06e-1 4.51e-5 7.96e-2 1.90e-5 8.38e-2 5.43e-5 5.19e-2 3.13e-5
n = 500 9.93e-2 1.04e+0 2.78e-2 3.18e-6 5.63e-2 9.95e-6 4.14e-2 4.98e-6
delta = 20%
n = 50 0.26603 0.00015 1.57e-1 1.23e-4 2.25e-1 0.00024 1.85e-1 1.57e-4
n = 100 1.46e-1 6.29e-5 1.15e-1 2.84e-5 1.59%e-1 9.06e-5 1.07e-1 5.22e-5
n = 200 9.45¢e-2 9.08e-6 5.58e-2 9.44e-6 1.13e-1 2.91e-5 5.48e-2 1.37e-5

n = 500 7.7le-2 1.28e-6 5.89e-2 1.17e-6 5.67e-2 2.28e-6 2.79e-2 2.34e-6
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Overall, the simulation results indicate that the proposed method offers a favorable balance
between robustness and efficiency, performing competitively in clean settings while providing
substantial gains in accuracy and stability when contamination is present. Detailed numerical
results supporting these conclusions are reported in the Supplementary Material.

5. Real life example

5.1. Pulpfibre data

We examine a dataset from Lee, Roy, Hong, and Whiting (1993) that includes measurements
of various properties of pulp fibers as well as the characteristics of the paper produced from
these fibers. The objective is to explore the relationships between the properties of pulp fibers
and the characteristics of the resulting paper. The dataset comprises n = 62 measurements
of four specific pulp fiber attributes: arithmetic fiber length, long fiber fraction, fine fiber
fraction, and zero span tensile. The dataset includes measurements of four paper properties:
breaking length, elastic modulus, stress at failure, and burst strength. Our objective is to
predict the four paper properties using the four fiber characteristics. To achieve this, we ini-
tially applied classical multivariate regression to the dataset. Figure 1 of classical estimator is
displayed along with other compared estimators. This diagnostic plot integrates information
on regression outliers and leverage points, providing a more comprehensive view than ana-
lyzing each distance individually. For classical estimator, we can see that observations 51, 52
and 56 are identified as vertical outliers. Conversely, while some observations are recognized
as leverage points (with observations 60 and 61 being the most prominent), they are not
classified as regression outliers. To validate the results from classical multivariate regression,
Rousseeuw applied univariate robust LTS regression to each response individually, using the
same regressors. The results indicate that the univariate LTS regressions identify observations
51, 52, 56, and 61 as outliers. The results shows the necessity of finding outliers and substan-
tiate the results using robust estimators. However, using univariate robust methods on each
response variable individually does detects outliers only along the coordinate directions of the
responses and fails to identify outliers that may be masked within these directions. There-
fore, it is generally preferable to use a robust multivariate regression estimation method that
can detect all outliers and is efficient both statistically and computationally.From a regres-
sion perspective, the presence of vertical outliers and leverage points has a direct impact on
the estimated relationships between fibre properties and paper characteristics.the proposed
S5, estimator downweights these influential observations, resulting in more stable coefficient
estimates that better reflect the dominant trend in the majority of the data.

Diagnostic plot allows us to categorize data points as regular observations, vertical outliers,
good leverage points, or bad leverage points. Additionally, it helps us determine whether a
point is an extreme outlier or just a borderline case. For plotting we consider the horizontal
cutoff line as the cut off of respective used Mahalanobis distance and vertical cut off as

1/X3,0A99' The choice the vertical line cutoff is usually between ﬁ/X§,0.975 and 1/Xg,0.99- Here

we chose later as our cutoff line. Rousseeuw in his paper explored the sample and found
the observation (59 — 62) were produced from fir wood. Most of the outlying observations
were obtained from different pulping process. That is observation 62 obtained from chemi
- thermomechanical process. Likewise observations 22, 46 - 48, 58 - 61 are obtained from
different pulping processes. Evidently from the diagnostic plot, we can say our proposed
estimator capable of detecting all these observations as outliers which validate the usefulness
of our estimator.

The outlying observations detected by the robust methods correspond to samples produced
using different pulping processes, such as chemi-thermomechanical processing and fir wood
sources, which are known to generate fundamentally different fibre characteristics. Treating
these observations on equal footing with the bulk of the data, as in the classical analysis, may
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therefore distort the inferred relationships between fibre properties and paper strength.

Diagnostic Plot based on MLE for Pulpfibre data

Diagnostic Plot based on Shrinkage Sn for Pulpfibre data.
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Figure 1: Diagnostic plot based on different estimators for Pulpfibre data

Table 5: Pulpfibre data
Slope MSE  Intercept MSE

Slope Bias Intercept Bias

MCD 561.7581 2158.558 9.37032 -40.2621
OGK 532.1857 2073.755 9.020945 -38.7037
Comedian 634.0527 2230.64 10.72183 -40.7999
Sh 634.0527 2230.64 10.72183 -40.7999
SSp 534.7054 2076.603 10.58657 -43.9223
MLE 847.0833 2786.09 12.30624 -45.6509
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5.2. School data

This data consists of n = 70 observations on school sites in US (Charnes, Cooper, and
Rhodes 1981; Roelant, Van Aelst, and Croux 2009). Data contains three response variable
and 5 explanatory variables. The response variables are: total reading score measured by
the Metropolitan Achievement Test, total mathematics score measured by the Metropolitan
Achievement Test and the Coopersmith self-esteem inventory. The independent variables are:
education level of mother, highest occupation of a family member, number of parental visits
to the school, parent counseling concerning school-related topics and the number of teachers
at the school. The diagnostic plots are given in Figure 2. Cutoff lines are considered same as
above mentioned. In the school data example, classical multivariate regression identifies only a
limited number of atypical observations, resulting in coefficient estimates that are sensitive to
a few high-leverage schools. Robust methods, including the proposed S5, estimator, detect
several additional outlying and leverage observations, which substantially alters the fitted
relationships between parental involvement variables and student performance outcomes.

Classical estimator detects only one observation as vertical outliers and 6 observations as
good leverage points. But robust estimators detect the observations 33, 35, 44, 59 as outliers,
more than two moderate large good leverage points (1, 10, 50, 54, 66, 67...). Thus it is
always better to make use of robust technique and our proposed estimator performs well in
detecting the vertical outliers, leverage points.

Also, we have tabulated the intercept, slope MSE, Bias of these two examples and are given
below. The table values shows the inconsistent performance of classical MLE in these datasets.
And our proposed estimator exhibit outstanding performance with minimum MSE than other
estimators, indicating that the influence of atypical schools with extreme characteristics has
been mitigated. This is important from an interpretive standpoint, as policy conclusions
regarding the effect of parental visits, counseling, and school size on academic outcomes can
differ depending on whether such atypical institutions dominate the analysis.

Table 6: School Data
Slope MSE Intercept MSE  Slope Bias Intercept Bias

MCD 3.8891 6.7543 0.7086 2.7644
OGK 3.8172 6.6208 0.7015 1.3937
Comedian 3.8073 6.6095 0.6528 2.2576
Sh 3.2752 6.7108 0.6532 2.2301
SSp 3.0669 6.6013 0.6427 2.2106
MLE 3.222 0.0487 0.6837 -0.181

6. Conclusion

Classical regression estimation method is highly sensitive to the presence of outliers in the
dataset, which can significantly affect their robustness. Therefore, alternative methods capa-
ble of detecting and withstanding outliers are necessary to ensure reliable results, even when
outliers are present. Several works like Singer and Sen (1985) and Koenker and Portnoy (1990)
introduced robust regression estimation methods using M estimators. Ollila et al. (2002) and
Ollila et al. (2003) proposed estimators based on affine equivariant signs and ranks. Rousseeuw
et al. (2004) proposed regression based on reweighted MCD estimator. Roelant et al. (2009)
introduced non reweighted multivariate regression based on generalised S estimators. Sajana
and Sajesh (2018) introduced non reweighted multivariate regression based Comedian esti-
mator. In this paper we develop a two step reweighted multivariate regression S.S,, based
on estimator proposed by Lakshmi and Sajesh (2025). We evaluated the performance of our
proposed multivariate regression estimator and compared with other existing estimators. We
evaluated robustness, efficiency and affine equivariance through the metrics Slope, Intercept

11
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bias and MSE. To enhance efficiency, we made use of reweighting schemes and found that the
best results are achieved by using Shrinkage S,,-based robust distances. These distances are
used to create a reweighted estimator of location and scatter, which then serves as the foun-
dation for the initial regression. The robust residuals from this initial regression are then used
to determine the weights for the final regression. This two step reweightedness gave us finely
performing regression estimator S5, with empirically high asymptotic efficiency. For com-
paring the robustness, we used contaminated simulated datasets. Contamination schemes are
finely chosen to explore the performance of all the estimators. The results shows our proposed
estimator outperforms other estimators in terms of MSE and bias validating high robustness
empirically. We empirically verified the affine equivariance, and the results provided positive
confirmation of our proposed estimator’s equivariance property. We checked the performance
of the estimator in two real life data sets and made use of Diagnostic plot for evaluation pur-
pose. The plots enforce our proposed estimation method is capable of detecting outliers in
the dataset. The MSE, bias values shows how classical estimator provide derogatory values in
the presence of outliers and shows the capability of our proposed estimator. Thus our study
assures using our proposed S5, multivariate regression estimator in datasets with multiple
outliers for multivariate regression estimation.

7. Disclosure statement

No potential conflict of interest was reported by the author(s).

8. Data availability

The availability of Data supporting the findings of this study are mentioned in the respective
section and references.
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