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Abstract

The Generalized Linear Model (GLM) is an extension of the general regression model
for response variables following an exponential family distribution, including normal, bi-
nomial, Poisson, negative binomial, exponential, and gamma. If the response variable
is discrete and follows a Poisson distribution, then the Poisson regression model can be
used for model formation. However, in its application, overdispersion often occurs, where
the variance is greater than the mean. Overdispersion in Poisson regression can occur
due to a large number of observations having zero values in the response variable (excess
zeros). Data experiencing overdispersion and excess zeros are more suitable for using Zero
Inflated Negative Binomial (ZINB) and Hurdle Negative Binomial (HNB) regressions.

In this study, the models were further developed into ZINB and HNB regression models
with transformed variables to improve model performance. Real-world issues related to
these methods can be encountered in mortality cases, where the data used pertain to the
number of toddler deaths due to pneumonia in East Java in 2022.

The results of model selection using AIC show that the ZINB regression model with
transformed variables is the best model in this study, with an AIC value of 58.63682. The
results of the partial significance test of parameters in the ZINB regression model with
transformed variables indicate that the percentage of vitamin A supplementation (zs),
and the percentage of exclusive breastfeeding (x7) significantly influence the number of
toddler deaths due to pneumonia.

Keywords: pneumonia, zero inflated negative binomial, hurdle negative binomial.

1. Introduction

The Generalized Linear Model (GLM) is an extension of the general regression model for
response variables that follow exponential family distributions, including normal, binomial,
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Poisson, negative binomial, exponential, and gamma distributions (Agresti 2015). When the
response variable is discrete and follows a Poisson distribution, a Poisson regression model
can be used to model the data (Cameron and Trivedi 2014). One important assumption in
Poisson regression analysis is that the variance equals the mean, known as equidispersion.
However, this assumption is often violated in some cases, leading to overdispersion, where the
variance is greater than the mean. According to Hilbe (2011), when overdispersion occurs,
Poisson regression is no longer suitable because it underestimates standard errors, leading to
errors in determining the significance of regression parameters. One alternative to address
overdispersion in Poisson regression is using the Negative Binomial regression (Saputro and
Qudratullah 2021).

However, in some cases, count data not only experiences overdispersion but also excess zeros
(Sharker, Balbuena, Marcoux, and Feng 2020). Excess zeros occur when the number of
zero values in the response variable is greater than expected from the assumed distribution,
which can lead to erroneous conclusions. According to Puig and Valero (2006), detecting
excess zeros requires careful statistical testing because the presence of zero inflation can
significantly impact model selection and parameter estimation. Blasco-Moreno, Pérez-Casany,
Puig, Morante, and Baldé-Serra (2019) further emphasize that misidentifying excess zeros
can lead to incorrect inferences, and they propose improved methodologies for assessing zero
inflation in count data models.

In cases where both overdispersion and excess zeros are present, Negative Binomial regres-
sion is no longer suitable, and alternative regression models must be considered (Bilgic and
Florkowski 2007). There are several regression models that can handle both overdispersion
and excess zeros, including the Zero Inflated Negative Binomial (ZINB) and Hurdle Negative
Binomial (HNB) regression models. ZINB is a regression model formed from a Poisson-
Gamma mixture distribution. The ZINB regression model has two components: the Negative
Binomial State and the Zero Inflation State. The first component, the Negative Binomial
State, with probability (1 — m;), generates non-negative observations that follow a Nega-
tive Binomial distribution with mean p;. The second component, the Zero Inflation State,
with probability (7;), generates zero observations (Minami, Lennert-Cody, Gao, and Roman-
Verdesoto 2007). On the other hand, HNB is a regression model formed from a Poisson-
Gamma mixture distribution. The Hurdle Negative Binomial model has two components:
the Zero Hurdle State and the Truncated Negative Binomial State. The first component,
the Zero Hurdle State, with probability (m;), generates zero observations with a hurdle. The
second component, the Truncated Negative Binomial State, with probability (1 — m;), gen-
erates non-negative observations after overcoming the hurdle, following a Negative Binomial
distribution with mean p; (Ma, Yan, Wei, and Wang 2016).

The difference between zero-inflated and hurdle distributions lies in the concepts of structural
zero and sampling zero. Structural zero refers to situations where the response value is always
zero due to the nature of the data itself. For example, there may be conditions or areas where a
particular disease cannot occur. On the other hand, sampling zero occurs when the response
variable takes a zero value simply due to the absence of an event in the observed sample,
but the event may still occur in other situations or populations. Zero-inflated models are
appropriate when there are more zeros than expected from the assumed distribution, which
includes both structural zero (i.e., events that cannot happen) and sampling zero (i.e., rare
but possible events). Meanwhile, hurdle models are used when zeros occur solely due to
sampling, that is, when count data has a hurdle that must be passed before positive values
can be observed. After this hurdle is surpassed, the data follows a truncated distribution
(e.g., Negative Binomial) for positive outcomes.

The ZINB and HNB models are chosen in this study because they are specifically designed to
handle both overdispersion and excess zeros simultaneously. Overdispersion occurs when the
variance of count data is greater than the mean, which is commonly found in real-world data.
Poisson regression, which assumes equidispersion (mean equals variance), is unsuitable in this
case, leading to biased parameter estimates. While Negative Binomial regression can handle
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overdispersion, it is not effective in addressing excess zeros, i.e., when there are more zeros
than expected from the underlying distribution (Yildirim, Kagiranlar, and Yildirnm 2022).
The ZINB and HNB models are more appropriate in this situation because both models
include components that specifically model the mechanisms of zero inflation or zero hurdle.

The ZINB model is particularly useful when there is a two-stage process in the formation of
the data. In ZINB, the first stage models the excess zeros using a binary model, while the
second stage models the count data (non-zero values) using a Negative Binomial distribution.
This allows for a more accurate representation of data where most observations are zeros,
but there are also processes that generate non-zero count values. Meanwhile, the HNB model
is more useful when zeros are considered as a hurdle that must be crossed before the data
follows a Negative Binomial distribution. The HNB model first models the occurrence of zeros
and then models positive counts (after overcoming the hurdle) using the Negative Binomial
distribution.

In the literature, there are alternative models that also handle excess zeros, such as the Zero
Inflated Generalized Poisson, Zero Inflated Poisson Lindley, Zero-One-Inflated Poisson, or
Zero-One-Inflated Poisson Lindley distributions. However, although these models can handle
some cases of excess zeros, the ZINB and HNB models are preferred due to their flexibility
in dealing with data that not only has high zero inflation but also significant overdisper-
sion. The Zero Inflated Generalized Poisson, for example, while able to handle more complex
distributions, is often less efficient in handling overdispersion compared to the Negative Bi-
nomial distribution used in ZINB and HNB. Likewise, the Zero-One-Inflated Poisson model,
designed to handle data with structural and sampling zeros, is still less flexible in dealing with
significant overdispersion. Furthermore, the Zero-One-Inflated Poisson Lindley distribution,
though newer, has not yet proven superior in handling overdispersion, especially in cases with
high levels of excess zeros.

Considering the complexity of the data and the goal of the study to obtain a model that is not
only accurate in estimating the count data distribution but also capable of handling overdis-
persion and excess zeros optimally, ZINB and HNB are more appropriate choices compared
to other distribution models.

This study applies both the ZINB and HNB models to analyze the factors influencing toddler
deaths due to pneumonia in East Java. Data exhibiting overdispersion and excess zeros are
better handled by these two models. Given the high rate of toddler deaths from pneumo-
nia compared to other diseases such as diarrhea and dengue fever, as reported by the East
Java Health Department, it is crucial to use the appropriate statistical methods to identify
significant factors affecting toddler mortality and determine the most suitable model for this
context.

In this study, the models were further developed into ZINB regression models with trans-
formed variables and HNB regression models with transformed variables to improve model
performance. Real-world issues related to these methods can be encountered in mortality
cases, where the data used pertain to the number of toddler deaths due to pneumonia in East
Java in 2022.

By employing both ZINB and HNB models, this research aims to fill gaps in previous studies
on toddler deaths due to pneumonia, particularly related to challenges in handling data with
zero inflation and overdispersion. The findings of this study are expected to contribute to
more accurate risk assessment and the development of interventions to reduce toddler deaths
from pneumonia in the region.
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2. Mathematics model

2.1. Zero Inflated Negative Binomial regression

Zero Inflated Negative Binomial regression is a regression model derived from a Poisson-
Gamma mixture distribution (Myers, Montgomery, Vining, and Robinson 2012). This dis-
tribution is one of the approaches within the Negative Binomial distribution used to address
cases of overdispersion in Poisson regression. It accounts for two conditions: the Negative
Binomial State and the Zero Inflation State. The first condition, the Negative Binomial State,
occurs with a probability of (1 — 7;) and generates non-negative observations that follow a
Negative Binomial distribution with a mean of u;. The second condition, the Zero Infla-
tion State, occurs with a probability of (7;) and generates observations with a value of zero
(Saengthong, Bodhisuwan, and Thongteeraparp 2015).

The probability function of the ZINB regression model is as follows (Garay, Hashimoto,
Ortega, and Lachos 2011):

=

+ou; )

1+
u) 1+1bui)%(1fl;ﬁiu>yi for y; > 0.

for y; =0

P(y:) = (1)
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Where i = 1,2,...,n, 0 < m; <1, u; > 0 and ¢ are dispersion parameters with ¢ > 0,
r (yZ + %) is a gamma function of y; + % and I' (é) is the gamma function of %

When m; = 0, the random variable y; has a Negative Binomial distribution with mean u;
and dispersion parameter ¢. It is further assumed that the parameters u; and m; depend on
the vector of predictor variables x;. So the Zero Inflated Negative Binomial regression model
consisting of two models is expressed in the following equation:

1. Negative Binomial State Model

Yilpi ~ NB(u;)

In(us) = 278, )

Where u; > 0, 1=1,2,...,n, j=1,2,...,p, n is the number of observations and p is the
number of predictor variables, &; = (1, 2, . . ., xip)T, and B8 = (B1, Bo, - - -, 6p)T.

2. Zero Inflation State Model

logit(#;) = ln< T ) = z7~. (3)

1—m

Where 0 < m; < 1, i=1,2,...,n, j=1,2,...,p, n is the number of observations and p is
the number of predictor variables, &; = (z;1, 2, . . . ,xip)T, and v = (71,72, - . - ,'yp)T.

2.2. Hurdle Negative Binomial regression

Hurdle Negative Binomial regression is a model derived from a mixture distribution of Poisson
and Gamma (Myers et al. 2012). This distribution is one of the approaches within the
Negative Binomial distribution used to address cases of overdispersion in Poisson regression.
The regression consists of two components: the Zero Hurdle State and the Truncated Negative
Binomial State. The first component, the Zero Hurdle State, with probability (;), generates
zero-valued observations with a hurdle. The second component, the Truncated Negative
Binomial State, with probability (1 — 7;), generates non-negative observations that have
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passed through the hurdle (truncated), following a Negative Binomial distribution with mean
w; (Saffari, Adnan, and Greene 2012).

The probability function of the HNB regression model is as follows (Greene 2008):

5 for y; =0

T (yi+3) C\¥ (1teu)
(1 —m) r(%)vi! (1+¢“7¢) 1—(1+¢M)7% v

P(yi) = (4)

Where i = 1,2,...,n, 0 < m; <1, u; > 0 and ¢ are dispersion parameters with ¢ > 0,

¢
When 7; = 0, the random variable y; has a Negative Binomial distribution with mean p; and
dispersion parameter ¢. Next, it is assumed that the parameters p; and 7; depend on the
vector of predictor variables x;. So the regression model Hurdle Negative Binomial can be
expressed by two models as follows:

r (yZ + l) is the gamma function of y; + é and I’ (%) is the gamma function of é

1. Zero Hurdle State Model

logit (#;) = ln< i > - (5)
1—m
Where 0 < m; <1, :=1,2,...,n, j=1,2,...,p, n is the number of observations and p is
the number of predictor variables, &; = (21, 2, . . . ,:cip)T and v = (71,72, - - - ,yp)T

2. Truncated Negative Binomial State Model

Yilpi ~ NB(u;)

In(ue) = 8. ©

Where u; > 0, t=1,2,...,n, j=1,2,...,p, n is the number of observations and p is the
number of predictor variables, &; = (1, 42, . . ., xip)T and B8 = (B1, Pa, - - ,Bp)T.

3. Estimation of parameters

3.1. Parameter estimation in Zero Inflated Negative Binomial regression

The maximum likelihood estimation method can be used to estimate the parameters of the
Zero Inflated Negative Binomial regression model.

Based on Equation (2), the obtained result is:
In(p;) =z B

Meanwhile, based on Equation (3), the result obtained is:

logit(m) = ln< i ) = sz’Y

1*71'1‘

e
Ty = ————
14+ e% 7
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1+ e% 7 e 1
(1 - ﬂi) = T T, — T " (9)
1+e%7 1+e%7 1457

Equations (7), (8), and (9) are substituted into Equation (1), resulting in the probability
function of the ZINB regression model, as follows:

[y

1
e;;w—k( T >< 1mTB> for y; =0
Pl = e N N (10)
(oYt TV g
1™ ) T(5)w! \1yge™ P 14¢e”i P

Where i=1,2,...,n, j=1,2,...,p, n is the number of observations and p is the number of

predictor Variables? Ty = (xilv T2y - - 7$ip)T7 :3 = (ﬁh /827 ey ﬁp)Ta Y= (’Ylv Y2, .- 7’7]7)T and
¢ is the dispersion parameter.

The likelihood function of the ZINB regression model can be written as follows:

1
aly ®
H”?:l € mT'y + lmT'y < 1m.TB> fOI' yl = O
L(,B ’)’) — 1+e™i 1+e™i 1+¢pe i 4

T i-l—l b i Yi
e, L (yl d’)( L ) < ge” > for y; > 0.

1% 7 T(3)vi! \140e™ # 1+oe”i

(11)

The next step after obtaining the likelihood function of the ZINB regression model is to form
the log-likelihood function based on Equation (11). The form of the log-likelihood function
for the ZINB regression model can be written as follows:

1
n b n
Z In |e® ¥ 4+ (1 1:DT)5> - Z In {1 + emiTV] for y; =0
i=1 +oei i=1
IL(8.7) = § S (y+2) + 3 55 (2 >+ 1< ¢> (12)
7/;1 Yi ¢ ¢ ’L; 1+¢ew?ﬂ Yi 7,; 1+¢ew?ﬁ
n n

- Z In (1 +e®i ) =Y In(y;!) = > InT (%) for y; > 0.

i=1 i=1 i=1

The function In likelihood in Equation (12) has 2 conditions that are combined, namely
when y; = 0 which represents the group zero Inflated state and y; > 0 which represents the
group negative binomial state. So that it makes the calculation difficult and it is not known
which zero value comes from zero Inflated state and negative binomial state. To describe the
condition of the variable y; in detail, y; will be redefined with a latent variable z; to find out
the zero value from zero Inflated state and negative binomial state which can be defined as
follows (Hall 2000):

{1 for y; = 0, came from Zero Inflation State
i =

0 for y; > 0, came from Negative Binomial State.

Then, determine the probability function of the latent variable z; as follows:

o for =1

P(z) = { (13)

1—m for z;=0.

Based on Equation (13) with the condition of Zero Inflation State (P (z; =1) = m;) and
condition of Negative Binomial State (P (z; =0) = 1 — m;). Then, the joint probability
function between y; and z; which is as follows:
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f(B,70y,z) = f(2)f(ylz)
= f(z]1,m) f(ylz, i)

= (m)% (1 — ;)12 [F (y”i)( 1 )é( bt >y]

r (%) yi! \1+du; 1+ ppi

Then Equations (7), (8), and (9) are substituted into Equation (14), yielding:

1721
P8y = (o ( ) F(yi”ﬁ)( L) (2
3 y4) =
He 1+ e™ 1+ e™ 7 r(%)yu 1+ ge™i P 1+ gei P
1—21‘
ey (T 1y ey
pr— e
14 =7 r(%)yi! 1+ ge®iP 1+ ge®i P

The new likelihood function from the joint probability function between y; and z; can be

expressed as the following equation:
1 r o+ 3) 1 sets \"\
T\ % ? e
L(ﬁ,'y|y,z) - H?:l <€mi ’Y) ( acT‘y) 1 < wTﬂ) ( wTﬂ) ’
1+ e® r(a)yi[ 1+ pe®i 1+ pe®i
(16)

Thus, the In likelihood function can be written as follows (Garay et al. 2011):

(1—2;) (14)

o=

(15)

o=

n

In L (B,7]y, z) Z;(zi)(a:?v) — Zn:hﬂ (1 + 6“’?“’) + (Zzn; (1-2z ) 2T (y ) Z.X:F (é)

—Zlnyz len — i+ o Zln(1+<z>e-”” 7).

(17)

Parameter estimation process 8, is performed separately, so the complete likelihood function
can be rewritten as Equations (18) and (19) as follows:

- (18)
—l—yZZln PPy — (yi+ ¢! Zln(1+¢ewvﬁ>
=1
and
L (vly,2) = > (2)(Xy) = > In (14 e7). (19)
=1 =1

1. To obtain parameter estimates B3 the In likelihood function in Equation (18) is partially
differentiated with respect to the parameters 3.

The first derivative of the In likelihood function in Equation (18) with respect to 8 can
be expressed as the following equation:
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oL (Bly.z) _ ) s P
8(ﬁ) —;1 Zz (yzzw yz+¢ ;1+¢61 ) (20)

Then, the second derivative of the In likelihood function in Equation (18) with respect
to B can be expressed as the following equation:

2 n n ¢€1‘1Tﬁ xT 2

R MR (TR bS (2 (21)
i=1 i=1 (1 + pe®i )

Estimation for 8 direct estimation cannot be obtained directly because the results from
the equation derived from the first derivative of the In likelihood function with respect
to each parameter do not have a closed form. To address this issue, numerical iteration
methods are used to facilitate calculations, such as the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) method to obtain parameter estimates (Hilbe 2011). The steps of
the BFGS numerical iteration method are as follows:

A(0
a. Determine the initial estimate of the parameter ﬁ( ) obtained using the OLS
method and determine H® as follows:

(0)

B = (XTX)'XxTy.
With
1z w2 ... 71
1 ro21 X292 ... $2p
X —
1 zp1 Tp2 oo T
and
T
Y= [yl Y2 Yn| -
Then the matrix H® = T
10 0
O _ 01 0
0 0 ..
0 0 1

b. Forming a gradient vector u, which is a vector consisting of the first partial deriva-
tives of the estimated parameters.

c. Forming the Hessian matrix H, which is a matrix containing the partial derivatives
of the two estimated parameters.

d. Insert the value of /3’(0) into the elements of the vector u and the matrix H to
obtain the vector u (/3’(0)> and the matrix H <B(O)).

e. Perform a BFGS iteration Quasi Newton starting from r = 0 with the following
equation:

A(r ~(r -1
gt — g™ (Hm) o
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With:

B(T)

A (r -1
a=minln L (B( ) _ a( (H(r)> u(r)).

= a set of parameter estimators that converge at the rth iteration.

f. Calculate s(") = B(TH) — B(r) and y() = @D — 4 5o that the BFGS update

matrix is obtained as follows:

) () (sw)T HO) 40 <y<r>)T
+ .
(st))" H() s() (s))" gy
g. The iteration process will stop if a parameter estimate has been obtained that is
B(TH) B B(T)

has been applied previously, for example 1074,

g+ — g

convergent by satisfying ( ) < € where ¢ is a very small value and

2. Similar to the parameter maximization stage for 8, the maximization stage for parame-
ter ~y also utilizes numerical iteration methods such as the Newton Raphson method. To
obtain parameter estimates -, the In likelihood function from Equation (19) is partially
differentiated with respect to the parameters .

The first derivative of the In likelihood function in Equation (19) with respect to () is
expressed as follow:

OLOly2) o (r sh e
O S (73 et )

T
i=1 i1 1 +e™?

Then, the second derivative to 7 can be expressed as the following equation:

PmL(vly,2) <€ («7)’
7o 5\ rety) )

Estimation for « direct estimation cannot be obtained directly because the results from
the equation derived from the first derivative of the In likelihood function with respect
to each parameter do not have a closed form. To address this issue, numerical iteration
methods are used to facilitate calculations, such as the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) method to obtain parameter estimates (Hilbe 2011). The steps of
the BFGS numerical iteration method are as follows:

a. Determine the initial estimate of the parameter '7(0) obtained using the OLS
method and determine H® as follows:

;?(0) — (XTX)_lXTy

With
1 r11 T12 ... T1p
1 wo1r w2 ... T
X=1 . .
1 1 Tp2 ... Ty
and

y:{yl Y2 - Un
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Then the matrix H® =T

1 0 0
O _ 01 0
00
0 0 1

b. Forming a gradient vector u, which is a vector consisting of the first partial deriva-
tives of the estimated parameters.

¢. Forming the Hessian matrix H, which is a matrix containing the partial derivatives
of the two estimated parameters.

d. Insert the value of '3/(0) into the elements of the vector u and the matrix H to
obtain the vector u (’7(0)> and the matrix H (’Ay(o)).

e. Perform a BFGS iteration Quasi Newton starting from r = 0 with the following
equation:

ﬁy(r+1) — :),(7‘) —a (H(T)>
With:

'?/(T) = a set of parameter estimators that converge at the rth iteration.
a")=minIn L (‘?(r) —a (H(T))_1 u(’")).

f. Calculate s = 41 — 3" and ¢y = 4+ — 4 5o that the BFGS update
matrix is obtained as follows:

) () (sm)T HO) gy <y<r>)T

HCD — g™ + _
(st H(")s() (s gy

g. The iteration process will stop if a parameter estimate has been obtained that is

convergent by satisfying ("Ay(”rl) — ’Ay(r) ) < € where ¢ is a very small value and

has been applied previously, for example 1074,

3.2. Parameter estimation in Hurdle Negative Binomial regression

The maximum likelihood estimation (MLE) method can be used to estimate the parameters
of the Hurdle Negative Binomial regression model.

Based on Equation (5), the result obtained is:

logit(m;) = In ( T ) =axly

1—m
T
e®i Y
1+ %7 @y 1
(1—7T2'): te c = (25)

14+e®7 147 14emn

Meanwhile, based on (6), the result obtained is:

In(p:;) = i B
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pi = €% P, (26)

Equations (24), (25), and (26) are substituted into Equation (4), resulting in the probability
function of the HNB regression model, as follows:

o o for y; =0
14e™i
_1
P(y;) = P(yi+2) oTp \ Vi (1+¢6%Tﬂ) ¢ (27)
L ~ g for y; > 0.
1+¢% 7 T(5)vi! \14gem P

1
pE—
1—(1+¢>emi B) d’

Where i=1,2,...,n, j=1,2,...,p, n is the number of observations and p is the number of

predictor variables, &; = (21, %2, . . . ,xip)T, B = (B1, P, . .,ﬁp)T, ¥= (71,72, - - - ,fyp)T and
¢ is the dispersion parameter.

The likelihood function of the HNB regression model can be written as follows:

T

I, < for y; =0
14e™i L
L(v,B) = r s \¥i (14ee®iP) ? (28)
-, 1T ((yJ)r)<¢elT) ( ) for y; > 0.
1-‘1—6 i 1+¢5 7

1
p—
1— <1+¢>ezi ﬁ) ¢

The next step after obtaining the likelihood function of the HNB regression model is to
construct the In likelihood function based on Equation (28). The form of the In likelihood
function for the Hurdle Negative Binomial regression model can be written as the following
equation:

é Ine® Y — é In (1 + e%i “’) for ;=0
—i eri —i—yz Ing+Ine® Bl — (L 4y,

InL(v,B) = f:z:{ (E—i—qﬁemz ))] N Z ln{F( ) —}i IE:ZS( l)) (29)
i=1 Yitg = Yi:
é:ll ZZZ: [ ( + ¢e” z‘Tﬂ) ‘b)} for y; > 0.

The In likelihood function in Equation (29) has two conditions combined when y; = 0 repre-
senting the zero hurdle state, and when y; > 0, representing the truncated negative binomial
state. This makes calculations difficult and it cannot be determined which zero values origi-
nate from the zero inflation state and the negative binomial state (Famoye and Singh 2006).
To describe the condition of the variable y; in detail, y; will be redefined with a latent vari-
able z; to determine the zero values originating from the zero hurdle state and the truncated
negative binomial state, which can be defined as follows (Hall 2000):

{1 for y; = 0, came from Zero Hurdle State
Z; =

0 for y; > 0,came from Truncated Negative Binomial State.

Then, determine the probability function of the latent variable z; as follows:

T for z; =1
P(z) = 30
(=) {1—7@ for z; = 0. (30)
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Based on Equation (30) with the condition of Zero Hurdle State (P (z; = 1) = m;) and condi-
tion of Truncated Negative Binomial State (P (z; = 0) = 1 — m;). Then, the joint probability
function between y; and z; which is as follows:

f By, z) = f(2)f(ylz)
= f(z|1,m) f(ylz, 1)

1 (1—2;)
Lk Y (A Gi a
1

D(§)ut \LHoc™2) 1 (14 geols) 2
(31)
Then Equations (24), (25), and (26) are substituted into Equation (31), yielding:
1 1—2;
=7 \" 1 P (T (yi + l) pexiB YV (1 +¢ew?ﬂ) ¢
Hpan = (1;“’?") <1 +€:”"T”) r(3) yi! T 1— (14 gest8)
AT Clyi+d) [ geoTs \V (1406278 Py
:(el ) (1+e’”z'T'7> 1) 41 <1+¢ew?ﬂ> g\
r(s)w 1= (14 e=)
(32)

The new likelihood function from the joint probability function between y; and z; can be
expressed as the following equation:

1—z;
T N\ Zi I Yi + 1 mz“ﬁ Yi 1 +¢€wlTﬁ K3
L(B,yly.2) = iy (emi 7) 1 1:077 ( d)) ( - mTﬂ) ( ) _1
Fe T (3w \1oen — (14 oet) "
(33)
Thus, the In likelihood function can be written as follows (Garay et al. 2011):
L (8, vly,2) =3 (=) >_zln(1+em%>+<z1_ZQ>ZF<% )
=1 i=1 i=1
r < > Zlnyl' - ( + yz) [Z In (1 + ¢€wfﬁ> (34)
=1 = i=1

n

. zI'g\ _ _ zT'B _% )
yZZ(lngZ)—Hne ) gln(l (1+¢e ) >

=1

Parameter estimation process of B,~ is performed separately, so the complete likelihood
function can be rewritten as Equations (35) and (36) as follows:

1nL<ﬂ|y,z>=<i<1zi>>zr(yi+;) ir( ) zln i)

=1
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and

n n

InL(y|ly,z) = Z(z»(m?*y) — Z In (1 + ewiT7> . (36)

i=1 i=1
1. To obtain parameter estimates 8 The In likelihood function in Equation (35) is partially

differentiated with respect to the parameters 3.

The first derivative of the In likelihood function in Equation (35) with respect to 8 can
be expressed as the following equation:

OlnL (,B‘y,Z) L n T 1 n qbemzﬁw?
— . =2 1l —z)yi i =\ 7 T — 75—
a(8) ;1( %)y ;“’ <¢+y>;1+¢ewiﬁ
_(¢+1
(1+9e578) ™7 (galeel®) (37)

"1
;(b 1-— (1+¢ew$ﬁ>_%

Then, the second derivative of the In likelihood function in Equation (35) with respect
to B can be expressed as the following equation:

?1n L (Bly,z) n 1 n pe2ei P (w?)2
Tﬁ)y:_z(l_%) <¢+%>ZQ -

i=1 i=1 (1 + qbeﬂﬂ?ﬁ)
i ¢ (sz)Z 2B — (¢ +1) (1 i ¢ew?ﬂ)<2ﬂ+”
i=1 @? (1 — (1 + ¢ew?ﬂ)¢—1)2 .
n (1 + ¢em?ﬂ)—<¢;n y (1 N ¢e$?ﬂ)_2(¢;1)
i=1 P2 <1 — (1 + ¢emiTg> —¢>1>2

Estimation for 8 direct estimation cannot be obtained directly because the results from
the equation derived from the first derivative of the In likelihood function with respect
to each parameter do not have a closed form. To address this issue, numerical iteration
methods are used to facilitate calculations, such as the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) iteration method to obtain parameter estimates (Hilbe 2011). The
steps of the BFGS numerical iteration method are as follows:

A0
a. Determine the initial estimate of the parameter B( ) obtained using the OLS
method and determine H©) as follows:

(0)

B = (XTX)'XxTy.
With
1 r11 I12 ... T1p

1 o1 I22 ... l’gp
X = . .

1 zp1 zp2 ... Ty
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and
T
Yy = [Z/l Y2 - Yn| -
Then the matrix H©® =T
1 0 0
7O _ 01 0
0 -
00 1

b. Forming a gradient vector u, which is a vector consisting of the first partial deriva-
tives of the estimated parameters.

c. Forming the Hessian matrix H, which is a matrix containing the partial derivatives
of the two estimated parameters.

d. Insert the value of B(O) into the elements of the vector u and the matrix H to
obtain the vector u (B(O)) and the matrix H (,@(O)).

e. Perform a BFGS iteration Quasi Newton starting from r = 0 with the following

equation:
Ut — g 0 ( H(r))‘l ™
With:
B(T) = a set of parameter estimators that converge at the rth iteration.

a=minln L (,B(T) —a) (H(T)>71 u(T)).
f. Calculate s() = B(TH) — B(T) and ¥y = @t — &) 5o that the BFGS update
matrix is obtained as follows:

T T
H(T)S(T) (S(T)) H(T) N y("‘) <y(r))
(s)" H" ) (sM)" yr)

gD — g™

g. The iteration process will stop if a parameter estimate has been obtained that is
AHr+l) (1)

B -8

has been applied previously, for example 1074,

convergent by satisfying ( > < € where ¢ is a very small value and

2. Similar to the parameter maximization stage for 3, the maximization stage for parame-

ter ~ also utilizes numerical iteration methods such as the Newton Raphson method. To
obtain parameter estimates =y, the In likelihood function from Equation (36) is partially
differentiated with respect to the parameters ~.

The first derivative of the In likelihood function in Equation (36) with respect to () is
expressed as follow:

OlnL(vly z) _ i (z'scr B i e*i 1zl > . (39)

() i=1 H1+ern

Then, the second derivative to v can be expressed as the following equation:
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2
0*InL(vly,z) _ _z": e (=)

52 () s (1 N 6$;7)2 (40)

Estimation for « direct estimation cannot be obtained directly because the results from
the equation derived from the first derivative of the In likelihood function with respect
to each parameter do not have a closed form. To address this issue, numerical iteration
methods are used to facilitate calculations, such as the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) method to obtain parameter estimates (Hilbe 2011). The steps of
the BFGS numerical iteration method are as follows:

a. Determine the initial estimate of the parameter '7(0) obtained using the OLS
method and determine H®) as follows:

;?(0) _ (XTX)_lXTy.

With
1 r11 I12 ... :L'lp
1 o1 X292 ... 1’2p
X p—
1 zp1 Tp2 ... Ty
and
T
Y= [yl Y2 .o Yn| -
Then the matrix H® =T
1 0 0
HO _ 0 1 0
00 .
0 0 1

b. Forming a gradient vector u, which is a vector consisting of the first partial deriva-
tives of the estimated parameters.

c. Forming the Hessian matrix H, which is a matrix containing the partial derivatives
of the two estimated parameters.

d. Insert the value of '3/(0) into the elements of the vector u and the matrix H to
obtain the vector u (’3/(0)> and the matrix H (’Ay(o)).

e. Perform a BFGS iteration Quasi Newton starting from r = 0 with the following
equation:

-1
41 = 4(0) _ () (H(T)) w™

With:

'S/(r) = a set of parameter estimators that converge at the rth iteration.

a")=minln L (’?(T) —al") (H(T))_l u(T)).
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f. Calculate sV = 4+D — 300 and y) = a+Y — 4() g0 that the BFGS update
matrix is obtained as follows:

HOs0) (s0) HO y0) (o)

+ :
(st H () (st y ()

g. The iteration process will stop if a parameter estimate has been obtained that is

HCD — g _

convergent by satisfying ("?(TH) — &)

) < € where € is a very small value and

has been applied previously, for example 1074,

4. Research methods

4.1. Research data

The type of research conducted is quantitative research. The data for this study were obtained
from the Health Profile of East Java Province published by the East Java Health Office and
East Java in Figures published by the Central Statistics Agency of East Java. The dataset
includes observations from all 38 districts and cities in East Java Province.

In this study, the response variable (y) is the number of toddler deaths due to pneumonia.
The predictor variables (z) include the percentage of health service coverage for toddlers
(x1), the percentage of complete basic immunization coverage (z2), the percentage of healthy
homes (z3), and the number of community health centers (z4), the percentage of vitamin
A supplementation (z5), the percentage of malnourished toddlers (xg), the percentage of
exclusive breastfeeding (x7), the percentage of low birth weight toddlers (xg).

4.2. Research design

The research design is structured to achieve the study’s objectives. The initial step involves ex-
amining overdispersion to determine whether the data exhibits this issue. One potential cause
of overdispersion is an excess of zero values in the response variable (excess zeros). Therefore,
an examination of excess zeros is also conducted. If the data exhibits both overdispersion
and excess zeros, Poisson regression becomes unsuitable, necessitating alternative regression
methods. Suitable methods include Zero Inflated Negative Binomial regression and Hurdle
Negative Binomial regression.

In line with the research objectives, modeling is performed using ZINB and HNB regression
on the number of toddler deaths due to pneumonia. Parameters in the ZINB and HNB
regression models are estimated using the Maximum Likelihood Estimation method, and a
stepwise procedure is applied to identify the best model. Furthermore, the research was ex-
tended by developing ZINB regression models with transformed variables and HNB regression
models with transformed variables to improve model performance and better capture nonlin-
ear relationships among predictors. The best model, selected based on the smallest Akaike
Information Criterion (AIC) value, will then be used for prediction. The next step is to test
the significance of the parameters in the regression models, conducted simultaneously using
the G-test and partially using the Wald test. Finally, comprehensive residual diagnostics are
performed to verify that the assumptions underlying the regression analyses are adequately
met, thereby reinforcing the validity and reliability of the study’s findings.

5. Results

Descriptive statistics are used to summarize the relationships between research variables and
translate the data into more easily understandable and interpretable information. The de-
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scriptive statistics of the variables in the data used in this study include the maximum value,
minimum value, mean value, variance, and standard deviation, which are used to describe
the variables in the data. Below are the results of the descriptive statistics for the research
variables.

Table 1: Descriptive statistics of predictor variables

Variable  Mean Min Maks  Std.dev Varians

y 1,053 0,00 8,00 1,874 3,511
1 80,99 5,51 100 27,665 765,354
o 61,98 34,72 81,09 12,129 147,117
T3 56,43 13,22 88,65 20,763 431,121
T4 25,5 3,00 63,00 12,83  164,5
5 90,82 70,30 99,30 6,932 48,052
6 1,161 0,00 560 1,076 1,157
T7 3421 11,16 54,83 9476 89,798
s 11,734 5,530 21,610 5,143 26,45

Table 1 presents the descriptive statistics of the predictor variables used in the analysis. The
results indicate significant variation among the variables, with some showing high dispersion
levels. The response variable (y) has a relatively low mean, while the predictor variables (x)
show a diverse range of values.

As the next step, an overdispersion assessment will be conducted to determine whether the
variance of the response variable exceeds its mean, which could impact the suitability of the
Poisson regression model.

A common issue in Poisson regression is that the variance of the dependent variable is greater
than its mean (overdispersion), which can lead to underestimation. To address this, overdis-
persion is evaluated using the deviance and Pearson Chi-Square statistics to determine its
presence in the data. From the calculations, the deviance value is 64.13162 with 29 degrees
of freedom, and the Pearson Chi-Square value is 72.61627 with 29 degrees of freedom. The
dispersion ratio, calculated by dividing the deviance by the degrees of freedom, yields a result
of 2.211435. Similarly, dividing the Pearson Chi-Square value by the degrees of freedom pro-
duces a ratio of 2.504009. Since both ratios are greater than one (2.211435 > 1 and 2.504009
> 1), the null hypothesis (Hp) is rejected.

This indicates that the data on toddler deaths due to pneumonia in East Java in 2022 exhibits
overdispersion. Consequently, the data does not meet the Poisson regression assumption of
equidispersion. One of the factors contributing to overdispersion is the high proportion of
zero values in the response variable, known as excess zeros. This condition occurs when the
number of zero values in the response variable is significantly higher than other values (with
a zero percentage exceeding 50%). Therefore, the next step is to examine the presence of
excess zeros in the response variable. Figure 1 will illustrate whether the data used exhibits
an excess zeros issue, as shown below.

Based on the Figure 1 above, it shows that in this study, 22 instances of the response variable
have a value of zero, constituting 57.89%. Therefore, it can be concluded that the data on
toddler deaths due to pneumonia in East Java in 2022 suffers from excess zeros because the
proportion of zero values exceeds 50%.

The issues of overdispersion and excess zeros render Poisson regression unsuitable, as they can
result in standard errors of parameter estimates being underestimated, leading to conclusions
that do not accurately reflect the data. Consequently, alternative regression models, such
as Zero-Inflated Negative Binomial regression and Hurdle Negative Binomial regression, are
more appropriate for modeling the number of toddler deaths due to pneumonia.

The explanatory variables proposed in this study were modelled against the response vari-
ables where the modelling used the ZINB regression model. The best model was selected
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Figure 1: Frequency histogram of number of toddler deaths due to pneumonia

using the backward stepwise method. The best modelling results with the ZINB regression
model backward stepwise. The parameters of the ZINB regression model, used to model the
number of toddler deaths due to pneumonia, were estimated using the Maximum Likelihood
Estimation method.

The results of these parameter estimations are presented in Table 2.

Table 2: Regression parameter estimation results

Variable Estimation Std. Error Z-value P-value
In function
Bo 0.1758 0.2469 0.712 0.47658
51 -0.6633 0.2305 -2.878 0.00401
Bo 0.2251 0.2622 0.858 0.39077
O3 -0.5071 0.2061 -2.461 0.01385
B4 -0.7647 0.3413 -2.240 0.02507
B 1.4548 0.3678 3.956 7.64e-05
B -0.4631 0.1909 -2.426 0.01525
Bs 0.6047 0.1916 3.156 0.00160
logit function
Yo -68.770 162.791 -0.422 0.673
" -10.267 57.762 -0.178 0.859
Y2 -19.391 50.598 -0.383 0.702
3 -1.948 43.833 -0.044 0.965
Y4 -73.324 171.115 -0.429 0.668
Y6 77.847 181.547 0.429 0.668
Y7 -26.462 69.523 -0.381 0.703
Y8 30.471 84.990 0.359 0.720
significance level = 0.05

G test=43.229
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The equation for the Zero Inflated Negative Binomial regression model formed based on Table
2 as follows:

1. Negative Binomial State Model

In(p;) =0.1758 — 0.6633x;1 + 0.2251x;0 — 0.5071x;3 — 0.7647x,4+
1.4548x;6 — 0.4631x;7 + 0.6047 ;5.

2. Zero inflated State Model

logit(m) = —68.770 — 10.2673;“ — 19.391.%1'2 — 1.948:62‘3 — 73.324.7}7;4—{—
T7.847Tx6 — 26.462x;7 + 30.471x;3.

The modeled data was developed by adding several scenarios through the application of
transformations to the independent variables using square root and logarithmic functions.
Subsequently, the transformed variables were used in the modeling process using the ZINB
regression model with transformed variables to obtain more optimal results.

The parameter estimation results of the ZINB regression model with transformed variables
are presented in Table 3.

Table 3: Regression parameter estimation results

Variable Estimation Std. Error Z-value P-value
In function
Bo -0.6947 0.9701 -0.716 0.474
51 0.3271 2.3082 0.142 0.887
B3 0.8671 0.6283 1.380 0.168
55 -1.0895 0.2638 -4.130 3.62¢-05
B -0.5224 0.2330 -2.242 0.025
logit function

Yo -16.73 97.09 -0.172 0.863
Yo -29.12 147.88 -0.197 0.844
Y4 -20.72 110.79 -0.187 0.852
Y8 -20.71 102.62 -0.202 0.840

significance level — «a = 0.05

G test=24.341

The equation for the ZINB regression model with transformed variables, formed based on
Table 3, is as follows:

1. Negative Binomial State Model

In(p;) = —0.6947 + 0.3271In(z;; + 1) + 0.8671/zs3 — 1.0895z5 — 0.52242;7

2. Zero inflated State Model

logit(fri) = —-16.73 — 29.121‘@ - 20.72.%1'4 - 20'71551‘8

Based on Table 3, the results of parameter significance testing for the ZINB regression model
with transformed variables using the G-test yielded a value of 24.341. The testing criterion
is to reject Hy if G > Xi;p, with p = 7 and a significance level of a = 0.05. Since 24.341 >
14.067, Hy is rejected, indicating that at least one explanatory variable significantly affects
the response variable. Furthermore, partial significance testing using the Wald test, obtained
by dividing the estimated coefficient by its standard error (equivalent to the Z-value), was
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also performed. The decision rule is to reject Hy if [W;| > Zg or if the p-value < o = 0.05,
implying that the predictor variable has a significant influence on the response variable. Based
on Table 3, the predictor variables that meet the testing criteria and significantly influence the
number of toddler deaths due to pneumonia are the percentage of vitamin A supplementation
(z5) and the percentage of exclusive breastfeeding (z7).

The count component shows that both x5 and z7 have negative, statistically significant effects
(p < 0.05), indicating that increases in these variables are associated with a decrease in the
expected number of toddler deaths. Meanwhile, the transformed variables In(z;; 4+ 1) and
\/Z3 have positive but insignificant effects. In the zero-inflation part, the variables o, 24,
and xg have large negative but statistically insignificant coefficients, suggesting that they do
not significantly explain the structural zeros in the data. Compared with the ZINB regression
model selected by backward stepwise selection, the ZINB regression model with transformed
variables achieves better estimation stability and model fit. This indicates that applying log-
arithmic and square-root transformations to selected predictors improves the model’s ability
to explain variations in toddler deaths due to pneumonia.

Apart from Zero-Inflated Negative Binomial regression, this research also uses Hurdle Neg-
ative Binomial regression to model the number of toddler deaths due to pneumonia, with
parameters estimated using Maximum Likelihood Estimation. The best model was selected
using the backward stepwise method. The results of these parameter estimations are presented
in Table 4

Table 4: Regression parameter estimation results

Parameter Estimation Std. Error Z-value P-value
In function
Bo 0.3794 0.3448 1.100 0.271210
51 -0.3111 0.2327 -1.337 0.181325
Bo -0.8636 0.2594 -3.329 0.000871
55 -0.7410 0.2301 -3.221 0.001277
Jore -0.7605 0.2900 -2.623 0.008727
logit function
Yo -0.38932 0.36747 -1.059 0.2894
Y1 -0.68082 0.41242 -1.651 0.0988
Y2 0.89387 0.46230 1.934 0.0532
Y5 -0.23144 0.39280 -0.589 0.5557
Y7 0.08034 0.40067 0.201 0.8411

significance level — a =0.05

G test=22.334

The equation for the Hurdle Negative Binomial regression model formed based on Table 4 as
follows:

1. Zero Hurdle State Model

logit(7;) = 0.3794 — 0.3111z;; — 0.8636x;2 — 0.7410x;5 — 0.76052;7

2. Truncated Negative Binomial State Model

In(p;) = —0.38932 — 0.68082x;1 + 0.89387x;2 — 0.23144x;5 + 0.08034x;7
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After obtaining the best model using the backward stepwise method, the modeling was further
developed by applying transformations to the independent variables using square root and
logarithmic functions. The transformed variables were then used in the modeling process
using the HNB regression model with transformed variables to obtain more optimal results,
and the parameter estimation results are presented in Table 5.

Table 5: Regression parameter estimation results

Variable Estimation Std. Error Z-value P-value
In function
5o -8.8728 3.7866 -2.343 0.01912
51 18.9359 6.7725 2.796 0.00517
03 -0.8905 1.0557 -0.844 0.39894
B -1.1702 1.0216 -1.145 0.25200
B -1.8852 0.8544 -2.206 0.02735
logit function
Y0 -1.09971 0.58776 -1.871 0.0613
Yo 1.47598 0.78035 1.891 0.0586
Y4 0.09751 0.43428 0.225 0.8223
8 1.04296 0.58072 1.796 0.0725

significance level — a = 0.05

G test=22.079

The equation for the HNB regression model with transformed variables, formed based on
Table 5, is as follows:

1. Zero Hurdle State Model
In(p;) = —8.8728 + 18.9359 In(x;1 + 1) — 0.8905+/x;3 — 1.1702x;6 — 1.8852x;7

2. Truncated Negative Binomial State Model

logit(7;) = —1.09971 + 1.47598x,9 + 0.097512;4 + 1.04296x;5

Based on Table 5, the results of parameter significance testing for the HNB regression model
with transformed variables using the G-test yielded a value of 22.079. The testing criterion
is to reject Hy if G > Xi;;n with p = 7 and a significance level of &« = 0.05. Since 22.079 >
14.067, Hy is rejected, indicating that at least one explanatory variable significantly affects
the response variable.

Furthermore, partial significance testing using the Wald test, obtained by dividing the esti-
mated coefficient by its standard error (equivalent to the Z-value), was also performed. The
decision rule is to reject Hy if |[W;| > Zq 2 or if the p-value < a = 0.05, implying that the
predictor variable has a significant influence on the response variable.

The count component shows that both In(x;; + 1) and x7 have statistically significant effects
(p < 0.05), where In(x;; + 1) has a positive effect and xz7 has an adverse effect, indicating
that an increase in health service coverage for toddlers is associated with an increase in
the expected number of toddler deaths. In contrast, an increase in exclusive breastfeeding
is associated with a decrease in the expected number of toddler deaths. Meanwhile, the
transformed variable |/r3 and variable x¢ have adverse but statistically insignificant effects.

In the zero-hurdle part, the variables x2, x4, and xg have positive but statistically insignificant
coeflicients, suggesting that they do not significantly explain the excess zeros in the data.
Based on Table 5, the predictor variables that meet the testing criteria and significantly

influence the number of toddler deaths due to pneumonia are the percentage of health service
coverage for toddlers (x1) and the percentage of exclusive breastfeeding (z7).
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Compared to the HNB regression model selected using the backward stepwise method, the
HNB regression model with transformed variables provides better model performance in terms
of parameter stability and model fit (log-likelihood = —20.441). This indicates that apply-
ing logarithmic and square-root transformations to selected predictors improves the model’s
explanatory power in describing variations in toddler deaths due to pneumonia.

After obtaining the Zero Inflated Negative Binomial, ZINB regression model with transformed
variables, Hurdle Negative Binomial, and HNB regression model with transformed variables,
the selection of the best model will be conducted using the Akaike Information Criterion
(AIC) values. The best model is the one with the smallest AIC value. The best model is
selected by comparing models that are more appropriate for the research data.

In this research, the models used are the Zero Inflated Negative Binomial, ZINB regression
model with transformed variables, the Hurdle Negative Binomial, HNB regression model with
transformed variables, so that the two models will be compared based on the AIC value of
the ZINB regression model and the AIC value of the HNB regression model, to find out which
method model is most suitable for researching the number of toddler deaths due to pneumonia
in East Java in 2022. AIC values shown in Table 6.

Table 6: AIC value of ZINB and HNB

Regression Model AIC Value
Zero Inflated Negative Binomial (ZINB) 95.94633
Hurdle Negative Binomial (HNB) 104.8086
ZINB regression model with transformed variables 58.63682
HNB regression model with transformed variables 60.88117

Based on the AIC value obtained in Table 6, the ZINB regression model with transformed
variables has a smaller AIC value. The AIC value is in line with the deviation value of the
model. The smaller the deviation value, the smaller the error rate produced by the model,
so that the model obtained is more precise. Therefore, the best model is the model with the
smallest AIC value, namely the ZINB regression model with transformed variables with an
AIC value of 58.63682. So it can be concluded that the ZINB regression model can model
data on the number of toddler deaths due to pneumonia in East Java.

After obtaining the best model in this research, namely the ZINB regression model with
transformed variables. Then interpret the results of the predictor variables that have a sig-
nificant influence on the predictor variables, namely the coefficient value x5 is 3.62e — 05, so
it can be interpreted that if there is an increase in the percentage of vitamin A supplemen-
tation by 1% it can lead to a decrease in the number of toddler deaths due to pneumonia
by e(3:62e=05) — 10000362 times. The coefficient value x7 is 0.025, so it can be interpreted
that if there is an increase in the percentage of exclusive breastfeeding by 1%, it can cause a
decrease in the number of cases of death of toddlers due to pneumonia by e(0-92%) = 1.025315
times.

The next step is to perform a residual diagnostic using the Shapiro-Wilk test. For the ZINB
regression model with transformed variables, the test yields W = 0.89421 and p-value is
0.01165, while for the HNB regression model with transformed variables, it yields W = 0.90442
and p-value is 0.01968.

Since the W values models are less than 1 and the p-values are smaller than 0.05 (leading
to the rejection of Hy), it can be concluded that the residuals in both the ZINB regression
model with transformed variables and the HNB regression model with transformed variables
do not follow a normal distribution. To further support this conclusion, a Q—Q plot will be
added to visually assess the normality of the residuals, as shown in the following figure.

Figure 2 presents the Q—Q plots of the residuals for the ZINB and HNB regression models
with transformed variables. In both plots, the points deviate noticeably from the reference
line, particularly at the upper and lower tails, indicating that the residuals are not normally
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Figure 2: Q-Q plots of the residuals for the ZINB (left) and HNB (right) regression models
with transformed variables

distributed. These visual patterns are consistent with the results of the Shapiro-Wilk tests,
where the W values were less than 1 and the p-values were smaller than 0.05, leading to
the rejection of the null hypothesis of normality. Therefore, it can be concluded that the
residuals in both the ZINB and HNB regression models with transformed variables do not
follow a normal distribution.

6. Discussion

Based on the results, it is evident that the best model is the ZINB regression model with
transformed variables. Factors that significantly influence the number of toddler deaths from
pneumonia are the percentage of vitamin A supplementation (x5) and the percentage of
exclusive breastfeeding (z7).

The percentage of vitamin A supplementation (x5) significantly affects pneumonia cases in
toddlers, as supported by the study conducted by Saputri and Purhadi (2022). An increase
in vitamin A supplementation coverage indicates that more toddlers receive essential nutri-
ents that strengthen their immune systems. Vitamin A plays a crucial role in maintaining
respiratory health and enhancing the body’s ability to fight infections, including pneumonia.
As the coverage of vitamin A supplementation increases, the risk of pneumonia in toddlers
decreases, leading to lower morbidity and mortality rates.

The percentage of exclusive breastfeeding (x7) plays a significant role in reducing pneumonia
cases, as highlighted by research from Hartati, Nurhaeni, and Gayatri (2012). Increased rates
of exclusive breastfeeding help toddlers build stronger immune systems, thereby reducing the
risk of infections and, consequently, mortality. Breast milk contains essential components such
as hormones, antibodies, nutrients, and antioxidants that support a toddler’s development
and immune system.

The findings of this study provide valuable reference material for future research. The signif-
icant factors identified as influencing toddler deaths due to pneumonia can be used as a basis
for preventing and reducing mortality in East Java. Based on this analysis, local governments
can take strategic actions to improve factors that reduce pneumonia cases and control those
that exacerbate them.

7. Conclusion

ZINB regression model with transformed variables is the best model in this research, because
it has the smallest AIC value, namely 58.63682. The ZINB regression model with transformed
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variables can be formulated as follows:

1. Negative Binomial State Model

In(p;) = —0.6947 + 0.3271In(z;; + 1) + 0.8671/zs3 — 1.0895z5 — 0.5224z47

2. Zero inflated State Model

IOgit(ﬁ'i) =—-16.73 — 29123512 - 2072:&4 - 20715[518

Based on the G test, it was found that the ZINB model was appropriate to use for this data.
Meanwhile, in the Wald test, it was found that factors that had a significance influence the
number of toddler deaths due to pneumonia are the percentage of vitamin A supplementation
(z5) and the percentage of exclusive breastfeeding (x7).

References

Agresti A (2015). Foundations of Linear and Generalized Linear Models. John Wiley & Sons.
ISBN 978-1-118-73003-4.

Bilgic A, Florkowski WJ (2007). “Application of a Hurdle Negative Binomial Count Data
Model to Demand for Bass Fishing in the Southeastern United States.” Journal of Envi-
ronmental Management, 83(4), 478-490. doi:10.1016/j.jenvman.2006.10.009.

Blasco-Moreno A, Pérez-Casany FJ, Puig M, Morante X, Bald6-Serra M (2019). “What Does
a Zero Mean? Understanding False, Random and Structural Zeros in Ecology.” Methods in
Ecology and Evolution, 10(7), 949-959. doi:10.1111/2041-210x.13185.

Cameron AC, Trivedi PK (2014). Regression Analysis of Count Data. Cambridge University
Press. ISBN 9781139013567. doi:10.1017/CB09781139013567.

Famoye F, Singh KP (2006). “Zero-Inflated Generalized Poisson Regression Model with an
Application to Domestic Violence Data.” Journal of Data Science, 4(1), 117-130. doi:
10.6339/JDS.2006.04(1) .257.

Garay AM, Hashimoto EM, Ortega EMM, Lachos VH (2011). “On Estimation and Influ-
ence Diagnostics for Zero-Inflated Negative Binomial Regression Models.” Computational
Statistics € Data Analysis, 55(3), 1304-1318. doi:10.1016/j.csda.2010.09.019.

Greene W (2008). “Functional Forms for the Negative Binomial Model for Count Data.”
Economics Letters, 99(3), 585-590. doi:10.1016/j.econlet.2007.10.015.

Hall DB (2000). “Zero-Inflated Poisson and Binomial Regression with Random Effects: A
Case Study.” Biometrics, 56(4), 1030-1039. doi:10.1111/3j.0006-341x.2000.01030.x.

Hartati S, Nurhaeni N, Gayatri D (2012). “Faktor Risiko Terjadinya Pneumonia pada Anak
Balita.” Jurnal Keperawatan Indonesia, 15(1), 13-20. doi:10.7454/jki.v15i1.42.

Hilbe JM (2011). Negative Binomial Regression. Cambridge University Press. ISBN
9780511973420. doi:10.1017/CB09780511973420.

Ma L, Yan X, Wei C, Wang J (2016). “Modeling the Equivalent Property Damage Only
Crash Rate for Road Segments using the Hurdle Regression Framework.” Analytic Methods
in Accident Research, 11, 48-61. doi:10.1016/j.amar.2016.07.001.

Minami M, Lennert-Cody CE, Gao W, Romén-Verdesoto M (2007). “Modeling Shark By-
catch: The Zero-Inflated Negative Binomial Regression Model with Smoothing.” Fisheries
Research, 84(2), 210-221. doi:10.1016/j.fishres.2006.10.019.


https://www.doi.org/10.1016/j.jenvman.2006.10.009
https://www.doi.org/10.1111/2041-210x.13185
https://www.doi.org/10.1017/CBO9781139013567
https://www.doi.org/10.6339/JDS.2006.04(1).257
https://www.doi.org/10.6339/JDS.2006.04(1).257
https://www.doi.org/10.1016/j.csda.2010.09.019
https://www.doi.org/10.1016/j.econlet.2007.10.015
https://www.doi.org/10.1111/j.0006-341x.2000.01030.x
https://www.doi.org/10.7454/jki.v15i1.42
https://www.doi.org/10.1017/CBO9780511973420
https://www.doi.org/10.1016/j.amar.2016.07.001
https://www.doi.org/10.1016/j.fishres.2006.10.019

Austrian Journal of Statistics

Myers RH, Montgomery DC, Vining GG, Robinson TJ (2012). Generalized Linear Models:
With Applications in Engineering and the Sciences. John Wiley & Sons. ISBN 978-0-470-
45463-3.

Puig P, Valero J (2006). “Count Data Distributions: Some Characterizations with Ap-
plications.” Journal of the American Statistical Association, 101(473), 332-340. doi:
10.1198/016214505000000718.

Saengthong P, Bodhisuwan W, Thongteeraparp A (2015). “The Zero Inflated Negative
Binomial-Crack Distribution: Some Properties and Parameter Estimation.” Songklanakarin
Journal of Science and Technology, 37(6), 701-711.

Saffari SE, Adnan R, Greene W (2012). “Hurdle Negative Binomial Regression Model with
Right Censored Count Data.” SORT: Statistics and Operations Research Transactions,
36(2), 181-194.

Saputri VA, Purhadi P (2022). “Pemodelan Faktor-Faktor yang Mempengaruhi Kasus Pneu-
monia pada Balita di Provinsi Jawa Barat dengan Metode Geographically Weighted Gen-
eralized Poisson Regression.” Inferensi, 5(2), 91. doi:10.12962/j27213862.v5i2.12619.

Saputro MIA, Qudratullah MF (2021). “Estimation of Zero-Inflated Negative Binomial Re-
gression Parameters using the Maximum Likelihood Method.” In Proceeding International
Conference on Science and Engineering, volume 4, pp. 240-254.

Sharker S, Balbuena L, Marcoux G, Feng CX (2020). “Modeling Socio-Demographic and
Clinical Factors Influencing Psychiatric Inpatient Service Use: A Comparison of Models
for Zero-Inflated and Overdispersed Count Data.” BMC Medical Research Methodology,
20, 232. doi:10.1186/s12874-020-01112-w.

Yildinnm G, Kagiranlar S, Yildinm H (2022). “Poisson and Negative Binomial Regression
Models for Zero-Inflated Data: An Experimental Study.” Communications Faculty of Sci-
ences University of Ankara Series A1 Mathematics and Statistics, 71(2), 601-615. doi:
10.31801/cfsuasmas.988880.

Affiliation:

A’yunin Sofro

Department of Actuarial Science

Faculty of Mathematics and Natural Sciences
Universitas Negeri Surabaya

East Java 60231, Indonesia

E-mail: ayuninsofro@unesa.ac.id

Austrian Journal of Statistics http://www.ajs.or.at/
published by the Austrian Society of Statistics http://www.osg.or.at/
Volume 55, Issue 3 Submitted: 2024-03-15

doi:10.17713/ajs.v55.13.1907 Accepted: 2026-06-01

137


https://www.doi.org/10.1198/016214505000000718
https://www.doi.org/10.1198/016214505000000718
https://www.doi.org/10.12962/j27213862.v5i2.12619
https://www.doi.org/10.1186/s12874-020-01112-w
https://www.doi.org/10.31801/cfsuasmas.988880
https://www.doi.org/10.31801/cfsuasmas.988880
mailto:ayuninsofro@unesa.ac.id
http://www.ajs.or.at/
http://www.osg.or.at/
https://doi.org/10.17713/ajs.v55.i3.1907

	Introduction
	Mathematics model
	Zero Inflated Negative Binomial regression
	Hurdle Negative Binomial regression

	Estimation of parameters
	Parameter estimation in Zero Inflated Negative Binomial regression
	Parameter estimation in Hurdle Negative Binomial regression

	Research methods
	Research data
	Research design

	Results
	Discussion
	Conclusion

