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Abstract

This paper is concerned with the estimation of integral functionals of the fourth order
spectral densities for stationary random fields based on tapered data. The considered
functionals are related, in particular, to the problem of parameter estimation in the spec-
tral domain. The main focus is on the bias of the proposed estimators, conditions for
their consistency are also discussed.
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1. Introduction

This paper is concerned with developing the methods for estimation of random fields in
the spectral domain based on the higher-order structure of the fields. Note that higher-
order statistics methods are relevant especially and essentially in those contexts where to
the considered models of random processes and fields such properties pertain as nonlinearity
and/or non-Gaussianity, and in all other situations where the use of the information on the
second order dependence structure is not sufficient for statistical inference.

Let X (t),t € I, be areal-valued measurable strictly stationary zero-mean random field, where
I'is R? or Z? endowed with the measure v(-) which is the Lebesgue or the counting measure
(v({t}) = 1) respectively. Suppose that the field has spectral densities of order k = 2,3, ...,
that is, there exist the functions f (A1, ..., \g—1) € L1 (Skil) such that the cumulant function
of k-th order is given by

Ck (tl, ey tk—l) = S ()\1, ey )\k—l) eilec_l(Aj’tj)d)\l...dAk_l,

Sk—1

where S = R? or (—m, Tr]d for the continuous and discrete cases respectively.
Let the field X (¢) be observed over the domain Dy = [-T,T]% c I.

We will consider the problem of estimation of the integrals of the (cumulant) spectral densities
of the fourth order:

Ji(p) = /S3 ©(A1, A2, A3) fa(A1, A2, Az)dA1dAad s, (1)
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and, as the auxiliary results, we will also study the estimates for the following integrals of the
second order spectral densities:

J2 () = /S2 (A1, A2) fa(A1) fa(A2)dA1dAs, (2)

Fa(p) = /S SO F2(V)dA 3)

for the functions ¢, which are appropriate for each particular integral (1)—(3).

Note that integrals (1) appear, in particular, in the problems of parameter estimation in
the spectral domain within the minimum contrast (or quasi-likelihood) method developed in
Anh, Leonenko, and Sakhno (2004), Anh, Leonenko, and Sakhno (2007b), where estimators
are based on the Ibragimov functional constructed with the use of information on higher-order
spectral densities. The integrals (3) appear in the expressions for covariance matrices of the
asymptotic normal law for the Whittle estimators for Gaussian processes and fields, as well
as for the Ibragimov estimators based on the second order spectra.

We study the estimators for the functionals (1)—(3) based on tapered periodograms introduced
below and mainly focussing on bias of the considered estimators. The use of data tapers leads
to the bias reduction, which is especially important for spatial data: tapers can help to
attenuate the so-called “edge effects” (see, e.g. Dahlhaus and Kiinsch (1987), Guyon (1995)).

Consider the tapered values

{hr (t) X (t),t € Dr},
where hr (t) = h(t/T), t = W, .. t4) € R? and the taper h(t) factorizes as h(t) =
H‘ij:l h(t9),t@ € RY, with & (-) satisfying the assumption below.

Assumption 1. h (t), t € R, is a positive measurable even function of bounded variation
with bounded support: h () = 0 for |t| > 1.

Denote

d
f{k,T()\) :/hT(t)ke—’Mt,/ (dt) and Hprp(\) = /hT(t)ke_i()‘vt)y(dt) _ Hf{k,T(/\(i))-
i=1

The integrals above are one-dimensional and d-dimensional with corresponding measure v (-)
(for the discrete case we have sums).

Define the finite Fourier transform of tapered data {hr (t) X (t),t € Dr} :
) = [ et X (0 Moat), A€ s, ()

the tapered periodograms of the second and the third orders:

1

IS,T()‘) = (@27 Hyr (0) dZ()\)d’Tl(*A), (5)

1
(27T)2dH37T(0)
(provided that Ha7(0) # 0 and Hs 7(0) # 0 correspondingly),
and the tapered periodogram of k-th order (provided that Hy, 7(0) # 0):

I p (A1, Ag) = d (A)d" (A2)d" (=1 — X2)

k

1
d* (\), M\ €S, 6
(27r)(k—1)d Hk;p(O) £[1 T( ) (6)

It p (A, e A1) =

where Zle A; = 0, but no proper subset of \; has sum 0 (that is, there is no other sub-
set {\;,i € v}, where v = {i1,...,5} C {1,...,k} and } ;. A; = 0, these subsets are called
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108 Estimations of Spectral Functionals

submanifolds (following, e.g., Brillinger and Rosenblatt (1967)). Denote the set of such sub-
manifolds by Ay.

The statistic (6) is a natural generalization of the second-order periodogram and can serve as
an estimator for the spectral density of k-th order fi (A1, ..., Ax—1) at all frequencies but except
those from Ag. Consistent estimators of fi can be obtained by taking weighted averages of
values (6) at the neighborhood of frequencies of interest, avoiding points from Ay.

Therefore, the problem of estimations of the integrals

)= [ oD @

can be solved by the following approaches:

1) let the function (A1, ..., Ax) defined on {X; : Ele Ai = 0} be such that ¢)(Aq,..., ) =0
for A = (A1,..., ;) € Ak, then one can consider the empirical spectral functional

L e (®)
as the estimate for the integral
TG eV Q

(see, e.g., Anh et al. (2004), Anh et al. (2007b));

2) another way to exclude from consideration the points from Ay is to consider the functional

Tir (o0 = e o0 = [ on () Ihr () (10)
as an estimate for
Ti (o) = Tialon) = [ o) f () an (1)

for all € > 0, where the integration is taken over S¥~1, but avoiding the frequencies on and
neighboring to the submanifolds {> ,., A\i = 0, where v = {i1,...,5} C {1,...,k}}. More
precisely, SF=1 = SFI\{X: |3, \i| <e forall v C {1,...,k}}, where |y| = maxj<;<g y ).
This approach was used in Anh, Leonenko, and Sakhno (2010), under some conditions the
statistics (11) can serve as an estimate for (7).

One more way to estimate the integral (7) is via recursion, that is, the estimate is constructed
with the use of some combination of the integral of the periodogram of the k-th order and
integrals of products of lower order periodograms. This approach was suggested in Taniguchi
(1982) for the case of the integrals of the fourth order spectra and was further generalized
in Keenan (1987) for the estimation of integrals of the k-th order spectra. Both mentioned
authors considered discrete time processes and used conditions in the time domain, namely,
conditions of summability of cumulants. Extension of this method to the case of fields was
presented in Sakhno (2011).

In the present paper we develop the ideas of papers Taniguchi (1982), Keenan (1987), Sakhno
(2011) and study the estimates for the fourth order spectral integrals (1) and integrals (2)-(3)
for stationary random fields, basing on the tapered data and with conditions formulated in
the spectral domain. The main results are stated in the next section and followed by some
discussion. Auxiliary facts and formulas used for the proofs are relegated into Appendix.

2. Estimation of the spectral functionals from tapered data

Consider the problem of estimation of the functional

J4 (QO) = /53 (p()\l, )\2, )\3)f4()\1, )\2, )\3)dA1d>\2dA3. (12)
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Introduce the empirical spectral functional obtained by substitution of the fourth order ta-
pered periodogram I fﬁT (given by the formula (6) with k£ = 4) instead of f4 into (12):

Jur (@) = /SS @(A1, A2, A3) I p (A1, A2, Az)dArdAadAs. (13)

Note that we do not restrict the domain of integration and do not exclude the sets Ay as it
would be prescribed by the definition of the 4-th order periodogram.

The expectation of the empirical functional (13) is given by

1
EJyr (#) m /S3 P(A1; A2, A3) /S3 fa(y1:72,73) (14)
3 3
X H Hir(vi — N)Hir(— Z% + Z Ai)dy1dryadysdydAad)s
i=1 i=1
¥ /S o0 2o, ) / Fal) Har(n = ) Hy (71 — o)

/f2 y2)Hi1r(v2 — A3)Hi7(—72 + ZA dry1dy2dAi1dAadAs
=1

+ / 30()\1,)\2,)\3)/f2(’Y1)H1,T(71 — M) Hi7(—71 — A3)
S8

/f2 Yo )Hir(v2 — Xo)Hi (=72 + Z)\ dy1dryad\idAad\z
=1

+/ P(A1; A2, Ag) /f2’Y1 Hyr(y1 — M) Hir( ’Yl+z>\
53

=1

X /f2(72)H1,T(’>’2 — M) Hi (=72 — A3)dyidyadAidAadAs.
S

For calculations we used the formula for cumulants of products of random variables to obtain

EIlp(M\, A2, As) = cum(d! (M), d"(X2), d%(As), dl (=M1 — A2 — A3))
+eum(d! (A1), d" (X2))cum(d™ (As), d" (= A1 — X2 — A3))
+eum(d (A1), d" (As))cum(d™ (Aa), d™ (= A1 — X2 — A3))
+eum(dh (A1), d! (=A1 — X2 — Ag))eum(d™ (As2), d (A3))

and then we used the formula A.1 (see Appendix) for cumulants of finite Fourier transforms.
We now analyze the asymptotic behavior of EJy 1 ().

Introduce the assumptions, which will be used to state the results. In what follows we suppose
that the taper satisfies Assumption 1 and for different statements we will need some additional
assumptions on the taper and different assumptions on the spectral densities fo, f4 and the
function ¢.

Assumption 2. The taper h(t) is a Lipschitz-continuous function on [—1, 1].

2
Assumption 3. The function s ( ‘ Jh( h(t *m‘dt‘ satisfies:
/|u|l u)du < oo, =1,2.
Assumption 4. The function s} (u) = [ h (t) e~ dt [ h3 (t) e**dt satisfies:

/\u|l u)du < oo,l =1,2.
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Assumption 5. The spectral densities fo, f4 and the function ¢ are continuous and for the
case S = R suppose additionally ¢ € L1 N La, fy € Lo.

Assumption 6. The spectral density f4 and the function ¢ are twice boundedly differentiable
and ¢ € L.

Assumption 7. The spectral density fo is twice boundedly differentiable and ¢ € L;.

Theorem 1. [I. Let the spectral densities fo, fi and the function ¢ satisfy Assumption 5.
Then as T — oo

EJyr(p) — /3 ©(A1, A2, A3) fa(A1, A2, Az)dA1dAadAs (15)
S

+ /2{90()‘1) 7)\17 )‘2) + 90()‘17 )‘25 *)\1)
S

+ (A1, =1, A2) } o) fa(Ao)dAidAa =: Ju()

1I. Let the taper ﬁ(t) satisfy Assumption 2 for the case of discrete-parameter fields, and for
the case of continuous-parameter fields let Assumption 4 hold; the spectral density fq and the
function ¢ satisfy Assumption 6. Then

EJir (¢) — Ja() = O(T ) as T = oo, (16)

Proof. 1. The expression (14) for EJy 1 (¢) can be written in the form

EJyr(p) = /s3 900\1,)\2)\3)/83 Ja(v1,72,73) (17)
XPy (71 — As72 — A2, 73 — Az)dy1dyadyzdAidAadAs

+ /3 (A1, A2, A3) /2 f2(71) fa(2)@ar (11 — A1y =71 — A2, v2 — Ag)dyidyadAidAadAs
s S

+ /3 ©(A1, A2, A3) /2 Ja(m1) fa(2)@ar (v — A1, =71 — A3, 72 — A2)dyidyadAidAadAs
s S

+ /3 ©(A1, A2, A3) /2 fo(n) fo(72)Par (1 — A1, v2 — A2, =72 — A3)dyidy2dAidAad)s,
s S

where ®4 7(u1, ug, uz) are the multidimensional kernels of Fourier type (see Appendix). Under
the imposed assumptions on the functions ¢, fa, f4, using the property (A.2) of the kernels,
we obtain the convergence (24).

II. The proof of the second part of the theorem is obtained by the reasoning similar to those
applied in Anh et al. (2010) for the proof of Theorem 2.3, where the expectation of the
functional J}} (¢r) (see (11)) was analyzed, namely, we adapt for our needs here the first part
of that proof concerned with the term containing the k-th order spectral density. Note that
this approach generalizes that applied in Sakhno (2007) in the study of second-order spectral
functionals. The main steps of the proof are presented separately for continuous and discrete
cases.

Consider the continuous case (S = R?). We can rewrite the first term in the formula (14) in
the following form

1

L = ——— AL, Ao, A A ey A
1 (277)3dH47T(0)/sscp( 1, A2, 3)/sz4( 14 Ui,y Az + us)

4 4
X H Hl,T (u]) 1) Z Uj duldquU3d)\1d)\2d)\3, (18)
j=1 i=1
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~ d ~ . ~ ~ .
where H4T (O) =174 (H4 (O)) , HIT (uj) — Td H?:l Hy (Tuﬁz)) , Hk(u) _ fh(t)kefztudt_
(@) _ ,@

Changing the variables Tu; v, we obtain
1 v v
L = i [eua) [ (e e+ )
4 d ‘ 4
< [T (v7) 8 | D20y | derdusdvgdnidradis.
j=li=1 j=1

Since f4 is twice boundedly differentiable, using Taylor’s theorem we can write

3 d 3 d
%,"-,)\3-4-%3) =f1 ()\1,)\2,/\3)—i—const‘T*lZZv](l +O ZZ’UJ(Z) ?

Jj=11:i=1 Jj=11i=1

Ja <)\1 +

(uniformly in A in O-term), correspondingly, for I; we obtain
S

The error term Ry is of the form

3 d
1 1
Ry = const- - /S3 (A1, A2, A\3) TZZ/S:;

(2m)3 (H4 (0)) i

4 d 4
HHIZI ( ”)5 S 05 | dvidvadvsdhidradis,
J=1i=1 j=1

this reduces to the sum of terms of the form

1 i) 7 i i i
const-T/S3g0()\1,)\2,)\3)/IRvj(-)H1 ( ]“) Hg( ()) do AN drad)s,

each of which is equal to zero since H; (v](i)) Hy (—U](-i)) is an even function.

Analogously, Ro reduces to the sum of terms of the following form
D 7 (,O) f @\ 7,0
const - /S3 o (1, /\2,)\3)/ jvj ’ ity (o) s (—of") dvaxdradrs, (19)
R

supplied with multiplier O (T*Q). Due to Assumption 4 on the taper and integrability of ¢,
the integrals (19) are bounded, therefore

L= / @ (122, 49) fa (A, A, Ag) dAsdAadds + 0 (T77). (20)
S

Consider now the expression (18) for I in the discrete case (S = (=, 7]%). We again use the
Taylor’s theorem for the twice boundedly differentiable function f4 and write

SR aWOLI ey S o)
fo A1+ ur, e A3+ ug) — fa (A1, Aoy Ag) Z;Z;U] oA SCOnst‘Z;z;‘uj
j=1i= j j=1i=

Denote
ar =1 — /3 © (A1, A2, A3) f1 (A1, A2, Az) dAidAadAs.
S
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Consider the expression

3 d |
g 22 [ e Onran 20 [ o

: j=1i=1"8S 3/\?)
4 d ‘ 4
< [TTT o (u7) 6 | - us | durdusdusdnidrodas.
j=1i=1 j=1

The inner integrals in (21) reduce to the expressions
~ d-1 WA D\ 7 i i
{en® mr @} en? [ i () o (<) aul”

and the last integral is equal to zero since H 1,7 (u?) H37T (—ug-i)> is an even function. We

conclude that (21) is equal to zero and

3 d
1
ar| < const- / © (A1, A2, Ag /
| ZZ 53’ ( ) (271')3dH47T(0) S8

j=1i=1

2

)

ul (22)

4 d 4
x HH(}L,T (ug))‘(s S | durdusdus | dhdrad)s.
j=1li=1 j=1

Using the properties of the functions Hy r, we obtain the bound for the expression in square

brackets in (22):
1 /7 ~ ~
const - T/ |ul? ‘Hl,T (u) Hy (fu)‘ du.

Taking into account that for a Lipschitz-continuous taper h(t)

™ 9 - 2 1

1l i ()] du < 7,
we conclude that each term in the left hand side of (22) is bounded by const - T~2, therefore,
we have for I; the same asymptotics (20) as in the continuous case.

The terms from the second to the fourth in the formula (14) can be analysed in the similar
manner: we repeat the above steps but taking now the Taylor expansions for the function .
In such a way we can show that the sum of these terms converges to the second term in the
sum in the Lh.s. of (24) with the same rate O (T'~2). This completes the proof. O

From the expression (24) we conclude that to obtain the estimate for the functional J4(p) we
should subtract from Jy7(¢) the estimate for the functinal appearing as the second term in
the sum in the Lh.s. of (24), that is, we need the estimates for the functionals Jo(p) given by
(2). To this aim, consider the empirical spectral functional

J27T (QO) = /2 g0(>\1, )\2)_[27T(>\1)I2’T()\2)d)\]_d)\Q. (23)
S

Theorem 2. I. Let the spectral densities fo, fi and the function ¢ satisfy Assumption 5.
Then as T' — oo

Bhr(e) = Ja(e)= [ e hnfe)dhdx 29

1I. Let the taper iL(t) satisfy Assumption 2 for the case of discrete-parameter fields, and for
the case of continuous-parameter fields let Assumption 8 hold; the spectral density fo and the
function ¢ satisfy Assumption 7. Then

EJor () — Ja(p) = O(T™?) as T — 0. (25)
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Proof. Analogously to calculation of EJy 7 (¢), we obtain:

1
((2m)* Har (0))

EJar (p) = 3 /s2 (A1, A2) {/SS fa(vi,v2,v3) Hir(vn — A1) (26)

3
X Hyp(v2 + M) Hir(ys — M) Hip(= Y % + Ao)dydyadys
i=1

+ /S fo(v1)Hir(v — M) Hir (= + A)dmn /S fo(v2)Hir(v2 — M) Hir(—v2 + A2)dyo
+/Sf2('71)H1,T(’Yl — M) Hir(=n — A2)dm /SfQ(’Yz)HLT(’m + M) Hi (=72 + A2)dy2
+/Sf2(’)’1)H1,T(’Y1 — M)Hir(—71 + A2)

X /Sf2(72)H1,T(’72 +M)Hi (=72 — )\2)d71d’y2} dA1d)z,

which can be also written in the following form:

Cr [/SQ (A1, A2) /S2 Ja(v1,72,73)Par (1 — A1, y2 + A1, 93 — A2)dyidyadAide  (27)
+/§2 (A1, A2) /S2 Jfo(v1) fa(v2)@ar (71 — A1, =71 — A2, Y2 + A1)dyidyadAidAg

+ /Sz @(A1, A2) /sz fa(r1) f2(r2)Par( — A, =71 + A2, 72 + A)dyidyzdAidAg

+/§2 80()\1>>\2)/Sf2(71)‘1>2,T(71 - >\1)d71/Sf2(72)‘1)2,T(72 — A2)dy2dA1dAs,

where we have denoted
Cr = Hyr (0)((2m)* Hyr (0)) 2. (28)

Considering (27), taking into account the properties of the kernels ® 7 and ®4 7 (see (A.2))and
the conditions imposed on the functions ¢, fo and fy in the first part of the theorem, we can
see that the last integral in (27) converges to Ja(yp) as T' — oo, the expression in the square
brackets converges to the finite limit, but being supplied with the factor C7 (which is of order
+) this part of the sum vanishes. To evaluate the rate of convergence of bias for the second
part of the theorem we use the similar reasonings as those in the proof of Theorem 1, we need
to analyze actually only the last term in (27) to obtain the statement. O

From Theorem 2 we have an immediate consequence concerning estimation of the functional
Ja(¢) given by (3). Consider the functional

Tar (9) = 5 [ ¢ (Bar () (29)

Theorem 3. I. Let the spectral densities fo, fa and the function ¢ satisfy Assumption 5.
Then as T' — oo

EJar(9) — Jalp).

1. Let the taper lNL(t) satisfy Assumption 2 for the case of discrete-parameter fields, and for
the case of continuous-parameter fields let Assumption 3 hold; the spectral density fo and the
function ¢ satisfy Assumption 7. Then

EJyr () — Ja(p) = O(T ™) as T — oo, (30)
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Introduce the following empirical functional

Jir(p) = J4,T(80)—/8212,T(>\1)I2,T()\2) (31)

X{gp()xl, —A1, /\2) + 90()\1, Ao, —)\1) + (,0()\1, —A1, )\2)}d)\1d)\2.

As a straightforward corollary of Theorems 1 and 2 we obtain the next result.

Theorem 4. I. Let the taper, spectral densities fo, f4 and the function ¢ satisfy the assump-
tions of the first parts of Theorems 1 and 2. Then as'T — oo

EJyr () = Ju ().

1I. Let the taper B(t), the spectral densities fo, fa and the function o satisfy the assumptions
of the second parts of Theorems 1 and 2. Then

EJyr (p) — Jalp) = O(T" %) as T — . (32)

Remark 1. In the case of observations over the domain Dr = [1, T]% Assumption 1 must be
modified as follows: h(t) is a positive measurable function of bounded variation with support
on [0,1] and ~(0) = 0, k(1 —v) = h(v) for 0 < v < 3.

Remark 2. Examples of tapers iL(t)~ satisfying the assumptions introduced in the discrete
and continuous cases respectively are h(t) = 3(14cos(4nt), |t| < 1,and h(t) = 1—|t[, |¢| < 1.

Remark 3. We considered the case of the taper which factorizes: h () = Hle h (t(i) ). This
assumption simplifies calculations and allows to use known results for the one-dimensional
case, namely, upper bounds for spectral windows Hj, 7(\) and their convolution properties
(see, e.g., Dahlhaus (1983)). For such type of tapers we also have that the approximate
identity property of the corresponding Fejér-type kernels @27T is preserved for dimensions
d>1 (see Appendix). Additional assumptions on tapers help to achieve the rate T2 for
the convergence of bias to zero, which is important for the spatial data. Note that without
tapering or without some additional conditions on taper one can have only the rate 77!,

Remark 4. The estimate (31) has the advantages over the estimates (8), (10), taken with
k = 4, since we do not have to introduce the restrictions on the domain of integration, and
as a result we obtain the estimate of the functional J4(y) itself. However, for the general k
the form of recursive estimates of this type becomes rather involved. The simple estimate
can be still obtained for k = 5, in which case from the integral of the fifth-order periodogram
we should subtract some combination of the integrals of products of the periodograms of the
second and third orders.

Remark 5. The functional (29) was used to construct the minimum contrast estimators for
stationary processes in Sakhno (2012), in order to extend these estimators for the case of
fields the result on the bias rate stated in Theorem 3 is of importance.

Remark 6. The consistency of the considered spectral estimates can be stated by using
the same approach as in the papers Anh et al. (2004), Anh, Leonenko, and Sakhno (2007a),
Anh et al. (2007b), variance of the estimators can be represented by the integrals involving
the corresponding higher-order Fejér-type kernels, and, in order to apply the approximate
identity property of these kernels, appropriate conditions on spectral densities of up to the
eighth order must be introduced.
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Appendix

We present here some tools needed for the proofs.

Firstly, we note that the following formula for the cumulants of the finite Fourier transform
d%(X\), XA €S, can be deduced:

cum (& (o) . (o)) = /hT(m D)= E@sty) (A1)
< cum (X (t1) oo, X (t)) v(dtr)...v(dty,)
= /S“ fi (71,...,%_1)/hT(tl)...hT(tk)eizlf_l(tmﬂ'_aj)
et (=S50 =00) (1) (dty) dyn . diys—1
= /sk—l e (v ey ve—1) Hir (1 — o) . Hip (V-1 — o—1)
xHy (—Elf_lw — ak) dyy...dyg—1,

where Hy 1 (\) = [ hy(t)e &Ny (dt).
If Yk N = 07 and Hk;p( ) # 0, then

OF 7 (A, oy A1) = ((27T) =D Hyr (0 ) HHIT

is a multidimensional kernel of Fejér type over S¥~1, which is an approximate identity for
convolution, and the following equality holds:

lim @ZI (U1, .y u—1) G (ug — V1, ey Ug—1 — Vg—1) dug...dug_1 = G(v1, ..., vp—1), (A.2)
T—oo Jgk—1

provided that the function G (uq, ..., ug—1) is bounded and continuous at the point (v1, ..., vg—_1),

for the case S = [—m,7)%, and is from L1 (SF=1) (" Ly_2(S*¥~1) and continuous at the point
(v1,...,v5_1), for the case S = RY. In the case under consideration, when the taper factorizes,
and the domain of observation is a cube Dy = [T, T]%, this fact follows as a straightforward

generalization of the corresponding results stated for dimension d = 1 by Dahlhaus (1983)
(for S = [-m, 7)) and Ginovyan and Sahakyan (2019) (for S = R). In the non-tapered case,
when h(t) = 1, this was shown in Bentkus (1972).

For the case when Z?:l a; = 0, the formula (A.1) leads to the following expressions:

—1
((zw)d@*l) Hyr (0)) cum (di} (@1) sy di (ozk))
= /Sk1 O 7 (71— 01y oo Vet — k1) i (Y15 oo Yeo1) A1y

= /Sk_1 (I)Z,T (ul, ey uk,l) fx (u1 + a1, ., U—1 T+ Oékfl) duy...dug_1.

References

Anh V| Leonenko N, Sakhno L (2004). “Quasilikelihood-based Higher-order Spectral Estima-
tion of Random Processes and Fields with Possible Long-range Dependence.”
Applied Probability, 41A., 35-54.

Journal of

Anh V, Leonenko N, Sakhno L (2007a). “Minimum Contrast Estimation of Random Processes
Based on Information of Second and Third Orders.” Journal of Statistical Planning and
Inference, 137(3), 1302-1331.



116 Estimations of Spectral Functionals

Anh V, Leonenko N, Sakhno L (2007b). “Statistical Inference Using Higher-order Informa-
tion.” Journal of Multivariate Analysis, 98(4), 706-742.

Anh V, Leonenko N, Sakhno L (2010). “Evaluation of Bias in Higher-order Spectral Estima-
tion.” Theory of Probability and Mathematical Statistics, 80, 1-14.

Bentkus R (1972). “The Error in Estimating the Spectral Function of a Stationary Process.”
Liet. Mat. Rink., 12(1), 55-71.

Brillinger D, Rosenblatt M (1967). “Asymptotic Theory of Estimates of k-th Order Spectra.”
In: Harris, B. (ed.), Spectral Anal. Time Ser., New York: Wiley.

Dahlhaus R (1983). “Spectral Analysis with Tapered Data.” Journal of Time Series Analysis,
4, 163-175.

Dahlhaus R, Kiinsch H (1987). “Edge Effects and Efficient Parameter Estimation for Station-
ary Random Fields.” Biometrika, T4(4), 877-882.

Ginovyan M, Sahakyan A (2019). “Estimation of Spectral Functionals for Lévy-driven
Continuous-time Linear Models with Tapered Data.” FElectronic Journal of Statistics, 13,
255-283.

Guyon X (1995). Random Fields on a Network: Modelling, Statistics and Applications.
Springer, New York.

Keenan D (1987). “Limiting Behavior of Functionals of Higher-order Sample Cumulant Spec-
tra.” Annals of Statistics, 15(1), 134-151.

Sakhno L (2007). “Bias Control in the Estimation of Spectral Functionals.” Theory of Stochas-
tic Processes, 29(1-2), 134-151.

Sakhno L (2011). “On the Estimation of Integrals of Higher-order Spectral Densities.” Applied
Statistics. Actuarial and Financial Mathematics, (1-2), 80-87.

Sakhno L (2012). “Minimum Contrast Estimation of Stationary Processes Based on the
Squared Periodogram.” Lithuanian Mathematical Journal, 50(4), 400-419.

Taniguchi M (1982). “On Estimation of the Integrals of the Fourth Order Cumulant Spectral
Density.” Biometrika, 69, 117-122.

Affiliation:

Lyudmyla Sakhno

Taras Shevchenko National University of Kyiv
Volodymyrska 64, 01601, Kyiv, Ukraine
E-mail: 1ms@univ.kiev.ua

Austrian Journal of Statistics http://www.ajs.or.at/
published by the Austrian Society of Statistics http://www.osg.or.at/
Volume 49 Submitted: 2019-12-15

April 2020 Accepted: 2020-03-03



mailto:lms@univ.kiev.ua
http://www.ajs.or.at/
http://www.osg.or.at/

	Introduction
	Estimation of the spectral functionals from tapered data

