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Abstract: In this paper we suggest two modified estimators of the population
mean using the power transformation based on ranked set sampling (RSS).
The first order approximation of the bias and of the mean squared error of
the proposed estimators are obtained. A generalized version of the suggested
estimators by applying the power transformation is also presented. Theoret-
ically, it is shown that these suggested estimators are more efficient than the
estimators in simple random sampling (SRS). A numerical illustration is also
carried out to demonstrate the merits of the proposed estimators using RSS
over the usual estimators in SRS.

Zusammenfassung: In dieser Arbeit schlagen wir zwei modifizierte Schitzer
fiir das Populationsmittel vor, indem wir die Power-Transformation basierend
auf “Ranked Set Sampling” (RSS) verwenden. Approximationen erster Ord-
nung fiir den Bias und den mittleren quadratischen Fehlers der vorgeschlage-
nen Schitzer werden erhalten. Eine verallgemeinerte Version der vorgeschla-
genen Schitzer durch die Anwendung der Power-Transformation wird auch
vorgestellt. Theoretisch wird gezeigt, dass diese vorgeschlagenen Schitzer
effizienter sind als die Schitzer unter “Simple Random Sampling” (SRS).
Eine numerische Darstellung wird auch durchgefiihrt, um die Vorziige dieser
Schitzer unter RSS iiber die iiblichen Schitzer unter SRS aufzuzeigen.

Keywords: Ranked Set Sampling, Ratio Estimator, Power Transformation
Estimator, Auxiliary Variable, Coefficient of Variation, Coefficient of Kurto-
sis.

1 Introduction

The literature on ranked set sampling describes a great variety of techniques for using
auxiliary information to obtain more efficient estimators. Ranked set sampling was first
suggested by Mclntyre (1952) to increase the efficiency of estimator of population mean.
Kadilar, Unyazici, and Cingi (2009) used this technique to improve ratio estimator given
by Prasad (1989). Here we shall propose two modified estimators of population mean
using power transformation using RSS based on auxiliary variable.

The classical ratio estimators given by Cochran (1940) for estimating the population

mean Y is defined as o
_ (X
Yrn=Y T )

where 7 is the sample mean for study variable y and Z , X are the sample mean and
population mean, respectively, for the auxiliary variable z.
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When the population coefficient of variation C,, of the auxiliary variable x is known,
Sisodia and Dwivedi (1981) give a modified ratio estimator for Y as

X+ C,
Yo =J | —— | . 1

Ysp =Y (E TC, > (D
Motivated by Sisodia and Dwivedi (1981), H. P. Singh and Kakran (1993) developed a

ratio-type estimator for Y as
_ (X + Ba(x ))
=J\l=27= | 2)
Ysk Yy ( T+ BQ (SE)

where (2(z) is the known value of the coefficient of kurtosis of an auxiliary variable x.

Utilizing the information on the coefficient of variation C, and the coefficient of kurto-
sis B(x) of the auxiliary variable x, Upadhyaya and Singh (1999) suggested the following
ratio type estimators

_ o Yﬁg(ﬂ?) + Cx
Yop1 = Y (fﬂQ(l’) + Cx ) (3)
_ - YCx + BZ(ZE)
Yup2 = Y <—EC’$ ¥ Ba(2) ) . “4)

By applying the power transformation on the Upadhyaya and Singh (1999) estimators,
H. P. Singh, Tailor, Singh, and Kim (2008) suggested modified estimators as

_ o 762(%’) + Cx “

yUPl(a) =Y (fﬁQ(l‘) + Cx ) (5)
XC, + ’

Yupas) =Y <—50x T 5522((;))) ; (6)

where « and ¢ are suitably chosen scalars such that the mean squared errors of Yy py
and Yy py(5) are minimum.

To the first degree of approximation, the mean squared error (MSE) of these estimators
are

MSE(7,) = -V (CF + C2 — 20,0, )
MSE(Jgp) = %?2 (C2 4+ 2202 — 2X1p,.C,Cs) 7
MSE(Jgy ) = %?2 (C2 + N3C2 = 20090y Cs) (8)
MSE(y 1) = 7 (C2 47202~ 210y i) ©)
MSE(Yyps) = %?2 (CF +713C5 = 29204 CyCy) (10)
MSE(Jyp1(a)) = %?2 (C2 + $20*C? — 26109, C,C,) (11)
MSE (T pags)) = %?2 (C2 + §262C2 — 220, C,Cs) (12)



V.L. Mandowara, Nitu Mehta 139

with
S S, X X
Cy — :y 3 Cx = 9 Al = = 9 A2 = = 9
Y X X+C, X + Bo(x)
X Bo(x XC, Sz
N =¢r= = 52() Yo = g = Y

XBo() + C, XC, + fo(z)” ™7 5,8,

where p,, denotes the correlation coefficient between y and .

2 Ratio Estimator in Ranked Set Sampling

In ranked set sampling (RSS) m independent random sets are chosen (each of size m)
and the units in each set are selected with equal probability and without replacement from
a finite population of size N. The members of each random set are ranked with respect
to the characteristic of the study variable or auxiliary variable. Then, the smallest unit is
selected from the first ordered set and the second smallest unit is selected from the second
ordered set. By this way, this procedure is continued until the unit with the largest rank
is chosen from the m-th set. This cycle may be repeated r times, so mr = n units have
been measured during this process. Thus, RSS and SRS have equivalent sample sizes n
for comparison of their biases and efficiencies.

When we rank on the auxiliary variable, let (yj;;, 2(;)) denote the i-th judgment order-
ing of the study variable and the i-th perfect ordering for the auxiliary variable in the ¢-th
set, wherei =1,...,m.

Samawi and Muttlak (1996) define the ratio estimator for the population mean as

_ (X
YR,RSS = Yn] (_ ) ) (13)

L(n)

where
n

1 ] —
Upm) = o Z Y, Tn) = o Z Z (i)
=1

i=1
are the ranked set sample means for the variables y and x, respectively.

To the first degree of approximation, the MSE of the estimator ¥ pgg is given by
(after ignoring the finite population correction factor)

2

- /1

where

with
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3 Suggested Estimators Based on Ranked Set Sampling

Motivated by Sisodia and Dwivedi (1981) we suggest a ratio-type estimator for Y using
RSS, when the population coefficient of variation of the auxiliary variable C), is known as

7+Cx>

e 14
Tn) + C, 14

Yrss,MM1 = Y] (
To obtain the bias and the MSE of this estimator we put 7j,,; = Y (1 + &) and Z(n) =

X(1+4e1)sothatE(eg) = E(e;) = 0as E () = Y and E (Z(,,)) = X under ranked set
sampling. Moreover,

var(Jp,) 1 1 1 &
var(e) = E(g}) = — = ——; (55 T Zﬁ[i])
=1

Y mry
1
2 2 .

and similarly
var(e;) = E(e3) = 0C? — Wf(i)

and
cov (yn,f(n)) 1 1 1 —
COV(So,El) = E<€051) = % = W% Sya: - E ZTym(i)
i=1
= epyxcycx - Wy:p(z) )
where

1 1 < , _ _
Wya() = p— a Z Tye(y  With  Tyeiy = (i — Y) (Hagy — X) -
=1

Further to validate the first degree of approximation, we assume that the sample size is
large enough to get |eg| and |, | as small as possible such that the terms involving € or &,
in a degree greater than two are negligible.

The bias and the MSE of §zgg 151 are found next. Since

bias(Fpssaran) = E@rssan) =Y
and L
X
X +0,
we suppose |A1e1| < 1 so that (1 + A\je;) ! is expandable and derive

Urssan =Y (L +e0)(1+ Mer) ™, At

YRS, MM1 = Y (1+ o) {1 — Mie1 + Afel + O()\lgl)}
Because E(¢g) = E(e1) = 0 we have
bias(Yrssara) = Y (ME(e]) — ME(g1))
Y (A{0C; — Wa?(i)} — M {0pyCyCo = Wiaiiy })
Y (0(NCF = MipyaCyCa) — {NWes) — MW }) -
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Now
MSE(Grss ) = E@rssann—Y)
—Y’E (60—)\161 +)\%5?—2)\15051)2
=YE (e5+Afel —2X1€061)
= Y (002 —W2, 4+ 02 (0C2 W2 =2\ (0940 CyCo—Wyais)))
= V7 (0{C2 X202 —2X1 9y Oy Co } — { W2+ N2W 2 — 20 Wi })
= Y7 (0{C2+X2C2 —2X1 9y Cy O} — Wy = MWoy }2) (15)

Motivated by H. P. Singh and Kakran (1993) we suggest another new ratio estimator
in ranked set sampling as

X + Bo(x) ) . (16)

T(n) + o)

Similarly, the bias and the mean squared error are obtained, respectively, as

biaS@RSS,MM2) =Y (00‘303 - )‘QPyszCx) - {)‘gwa?(i) - /\2Wy$(i)})

Yrss,MM2 = Y] (

and
_ —2
MSE<yRSS,MM2) =Y (9{05 + )‘%Cg - 2>‘2:0yx0y0x} - {Wy[i} - )‘2Ww(i)}2) - 17

Motivated by Upadhyaya and Singh (1999) we also proposed two more ratio type es-
timators considering both coefficients of variation and kurtosis using ranked set sampling

as
_ _ Xﬁg(l’) + CI )
Yrss,MMm3 = Yn) (f(n) By(x) + C. (18)

_ P ycw + 62(56)
YRrRss,MM4 = Y[n) ToyCa + B @)

The bias and the MSE of § g 13,3 can be found as follows. Since

(19)

bias(Jrss arars) = E(Trssarars) — Y

and —
yﬁg (ZL’) + Cx ,

we suppose that |y;e1| < 1 such that (1 + ,61) 7" is expandable and get

Yrss,MM3 = Y(14¢eo)(14+me) ", M

Urssms = Y (1+e0) {1 —mer +1iel + O(mer)} .
Therefore,
bias(Trss vms) = Y (NE(e]) — AE(g0e1))
=Y (7% {GCE - Wﬁ(z’)} - {prszCx - Wyw(i)})
Y (0(7iC2 = 11pyaCyCr) — {7iW2) = Wi })
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and

MSE(Urss ) = BE@rssas—Y)°
~Y’E (50—7151 +’yf€%—2’yl€061)2
—Y’E (e5+7iet—271€021)
= Y7 (002 — W2+ 22002 — W2)) — 2X (09 CyCo— W)

—2
Y (0{C+71C2 = 2m1pya CyCoy —{ Wi+ Wiy =2 W) })
2
(0{CT+7C =271y Cy Co} = Wy =1 Waiiy }?) - (20)

Il
~l

Similarly, the bias and mean squared error of the estimator § zgg ps54 €an be obtained,
respectively, by changing the place of coefficient of kurtosis and coefficient of variation,
as

biaS@RSS,MM4) =Y (9(7303: — 720y CyCi) — {’YSW:?@) - 72Wyr(i)})
and

_ —2
MSE(yRSS,MM4> =Y (9{05 + 7305 - 272Pyxcycw} - {Wy[i] - 72W:c(i)}2) . (2D

By applying the power transformation on Yrgg prpr3 and Yrgg arars given in (18) and
(19), we now propose generalized estimators as

—_ _ Yﬂg (ZE) + Ox “

yRSS,MM3(a) = y[n] <E(n)ﬁg(x) + Cx> (22)
~ J

— — Xcz + BQ (.CE)

Yrss,MMA©E) = Yn] (T(n) C. 1 () (23)

The bias and MSE of the estimator ¥ zgg prar3(a) to the first degree of approximation, are
obtained next. We have

bias(Yrss vrars(a) = BEWrss @) — Y
where
Unssmas = Y (1+e0)(1+ ¢rer)
= ala+1
=Y ((]_ + 80) {]_ — ¢1a61 + % %5% + 0(51)}>
Thus

~l

o ala+1)
blas(yRSS,MMS(a)) = <¢% {6’0:? - WmQ(i) } —pra {prnyC:v —Wyaii) })

2

v ||
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and

MSE(Trss mmae) = E(Trss v ~Y)?

— 1
= Y2E (eo_élagl_*_qs%@
—Y°E (s5+dTa’es —2¢102021)

—2
= Y (00 =Wy +¢1a*(0C2 =WZi)) =261 (0pyaCyC = Wya(sy) )

= Y (0{C2+0°¢3C? — 2001 py Cy Oy} — {Wypy — 10 W, }2) . (24)

2
2
€1 —¢1@8061)

Similarly, the bias and mean squared error of the estimator Y pgg pras4(s) €an be ob-
tained, respectively, by changing the place of coefficient of kurtosis and coefficient of
variation, as

. Y
blas(yRSS,MM4(5)) ) (¢259 {(5+1)C§ —QPya:Cwa} — 20 {(5+1)W§(i) —2Wya(i) })
and

— —2
MSE(Urssarmaw) =Y (0{C5 4620507 —26¢2pyeCyCa} —{ Wy — 020 Wa(i) }?) -
(25)

4 Optimality of o and ¢

The optimum value of « to minimize the MSE of §z g 1/113(o) Can easily be found as zero
of its derivative, i.e.

0 _
%MSE(yRSS,MMMa)) =0,

which results in
o 0p2yCaCy — Wiy

- ¢ (9033 - W§(¢)>

and because cov(Z(n), Jj,) = Bvar (T(n)) this is equivalent to

«

C
0= puyg (26)
Similarly,
C
6= Pl 27)

After substituting (26) and (27), respectively, in (24) and (25), we obtain the minimum
mean squared error of the proposed estimators as

min MSE(Ygss aarz)) = Min MSE(Yrgs araracs))
—2
=Y (903(1 — pzx) — {Wym — KWw(i)}Q) s

where K = pg—z.
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S Efficiency Comparison
On comparing (7) to (12) with (15), (17), (20), (21), (24) and (25), respectively, we obtain

= MSE(Ygrssuan) < MSE(Ysp)

2. MSE(¥sx) — MSE(Upsgararz) = A2 > 0, where Ay = [W — AQWx(i)]z

= MSE(Urss arar2) < MSE(Ysx)

— — 2
= MSE(Yrssaars) < MSE(Yypr)

_ _ 9
4. MSE(Yy py) — MSE(Urssaraa) = As = 0, where Ay = [Wyi — 72 W |
= MSE([Urss 1rar4) < MSE(Yypo)

— _ 2
5. MSE(Jy p1(a)) — MSE(Unss ararse)) = As > 0, where A5 = [Wy — ¢1aW ]
= MSE(Ygss,mm3(0)) < MSE(Uypi(a))

— _ 2
= MSE(Yrss muas) < MSE(Yypas))

It is easily seen that the MSE of the suggested estimators given in (14), (16), (18),
(19), (22), and (23) are always smaller than those of the estimators given in (1) to (6),
respectively, because A, As, Az, Ay, As, and Ag are all non-negative values. As a re-
sult, the proposed generalized estimators Y ggg arar3() 0 Yrgs, arar4(s) fOr the population
mean using power transformation in ranked set sampling are more efficient than the usual
estimators Yy py (o) and Yy pa(s)-

For « = § = —1, the generalized estimators given in (22) and (23) turn to product
type estimators.

6 Numerical Illustration

To compare the efficiencies of the various estimators of our study, we take a population of
size N = 50 (see page 1111 in the appendix of S. Singh, 2003). The example considers
the data of agricultural loans outstanding of all operating banks in different states of the
USA in 1997, where y is the real estate farm loans (study variable) in 1000 $ and x is the
non-real estate loans (auxiliary variable) in 1000 $.

For the above population, the parameters are summarized as: Y = 27771.73, X =
43908.12,Y = 555.43, X = 878.16, 5% = 1176526, S; = 342021.5,C? = 1.5256,0?;2 =
1.1086, p = 0.8038, Ba(x) = 1.9215, \; = 0.9986, Ay = 0.9978, 7, = ¢1 = 0.9993, v, =
¢ = 0.9982, and K = 0.6852.

From this population we have taken 100 ranked set samples with size m = 4 and
number of cycles = 3, so that n = mr = 12. For these 100 ranked set samples chosen,
we have computed estimated MSE’s of the proposed estimators ¥y 11 pss» Ynrarz, rss

Ynims,RsS> YMM4,RSS» YRSS, MM3(a)» A Urss araras) Which are given in Table 2. Table 1
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Table 1: Estimated MSE’s of various estimators using SRS (Note that ¥ py () = Yy pa(s))

Estimator | ygp Ysk Yup1 Yup2  YuPli(a)
MSE 19936.6 19313.5 14006.0 13925.8 10088.0

shows the MSE’s of the estimators Ysp, Ysis Yup1> Yupas Yupi(a)» @04 Yy pas)> given in
H. P. Singh et al. (2008).

7 Conclusion

On comparing Table 1 with Table 2 and Table 3 for the 100 ranked set samples, we see
that the MSE’s of the proposed estimators are smaller than those of the estimators given
by previous authors. As a result, all the proposed new ratio type estimators ¥,y gss»
Unmiam2,RsS» YMM3,RSS» YMM4,RSS> YRSS,MM3(a) A0 URrss arara(s) for the population mean
using RSS are more efficient than the respective estimators Ysp, Ysrs Yupi» Yur2s Yupi(a)
and Yy py(5) under SRS. Thus, if the coefficient of variation and the coefficient of kurtosis
are known for the auxiliary variable, then these proposed estimators are recommended for
use in practice.
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Table 2: Estimated MSE’s of different new estimators using RSS. Note that

YRSS,MM3(a) = YRSS,MMA4(S)

Estimator | Ypgs marn  Yrss,vm2  Yrssmms  Yrss,mma  YRSS,MM3(a)
1 12414.7 12400.0 12476.7 12408.1 10075.5
2 12988.8 12971.6 13053.0 12981.0 10040.1
3 13167.9 13149.8 132329 13159.7 10026.6
4 13890.6 13868.7 13958.8 13880.4 9102.2
5 13576.7 13550.1 13649.2 13564.2 7036.4
6 11703.5 11671.2 11780.9 11688.1 2807.5
7 12834.1 12817.5 12897.8 12826.6 10058.4
8 10293.4 10286.5 10348.6 10290.7 10029.0
9 13714.0 13687.2 13786.5 13701.3 6141.9
10 13921.1 13897.2 13991.2 13909.9 8136.1
11 11171.5 11164.6 11226.8 11168.8 10028.7
12 13888.4 13864.4 13958.6 13877.2 9056.6
13 10645.2 10635.0 10703.3 10640.9 9910.5
14 13926.9 13904.4 13995.8 13916.4 9023.7
15 13397.1 13370.7 13469.4 13384.7 7522.3
16 13815.7 13795.5 13882.5 13806.3 8379.8
17 13640.3 13615.1 13711.4 13628.4 8460.5
18 13598.9 13579.8 13664.8 13590.1 9470.2
19 13868.4 13846.8 13936.6 13858.4 9368.3

20 13916.5 13894.1 13985.3 13906.1 9265.6
21 11283.3 11250.6 11361.0 11267.7 2399.1
22 13782.3 13761.0 13850.1 13772.4 9801.3
23 13881.2 13859.5 13949.2 13871.1 9009.6
24 13182.5 13165.6 13246.5 13174.8 9802.9
25 10544.8 10537.9 10600.0 10542.1 9292.4
26 13811.1 13790.2 13878.5 13801.4 9292.4
27 13551.3 13533.2 13616.3 13543.0 9127.4
28 13003.3 12987.2 13066.6 12996.1 9876.6
29 8886.9 8880.4 8941.6 8884.4 9466.6
30 13911.7 13887.4 13982.1 13900.3 7443.7
31 10588.9 10577.6 10647.9 10584.0 9781.1
32 12641.1 12625.7 12703.6 12634.2 10043.6
33 11778.5 11765.6 11838.9 11772.8 10078.9
34 12300.9 12285.2 12363.7 12293.8 10069.8
35 13838.6 13814.0 13909.3 13827.1 8646.4
36 11356.7 11347.0 11414.4 11352.7 10086.8
37 13758.1 13737.9 13825.0 13748.8 9256.5
38 13351.6 13332.7 13417.3 13342.8 9999 4
39 13434.6 13416.8 13499.4 13426.5 9500.7
40 13771.4 13745.3 13843.3 13759.1 6824.4
41 12928.9 12912.7 12992.3 12921.6 9975.0
42 12870.4 12851.9 12935.9 12861.9 10060.0
43 12576.9 12563.8 12637.6 12571.1 9825.2
44 13860.9 13839.0 13929.2 13850.7 9686.9
45 12544.7 12531.5 12605.4 12538.9 9866.8
46 13818.6 13793.1 13890.0 13806.6 7272.4
47 13776.8 13756.7 13843.6 13767.5 8917.3
48 9061.8 9058.5 9113.9 9060.9 9887.5
49 12958.0 12929.7 13032.0 12944.6 5995.0
50 13869.5 13848.5 13937.0 13859.7 8231.8
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Table 3: Estimated MSE’s of different new estimators using RSS. Note that
YRSS,MM3(a) = YRSS,MMA4(S)

Estimator | Ypgs marn  Yrss,vm2  Yrssmms  Yrss,mma  YRSS,MM3(a)
51 13357.4 13340.5 13421.3 13349.7 9365.7
52 7661.9 7654.3 7717.7 7658.9 8419.4
53 8235.4 8237.4 8282.7 8237.2 9983.6
54 10449.1 10440.2 10506.0 10445.4 9947.6
55 13073.1 13044.3 13147.5 13059.5 5575.9
56 1806.8 1815.9 1848.0 1812.1 7294.8
57 13933.8 13910.4 14003.4 13922.9 9173.3
58 13677.3 13658.4 13743.1 13668.6 8846.3
59 12227.8 12213.4 12289.6 12221.4 10088.0
60 13366.9 13339.9 13439.7 13354.2 7012.6
61 13674.2 13647.6 13746.6 13661.7 6768.0
62 13926.8 13902.9 13996.8 13915.6 7530.2
63 8494.8 8494.9 8543.9 8495.6 9941.9
64 13017.1 12988.7 13091.1 13003.7 6003.9
65 13875.4 13850.6 13946.3 13863.8 7538.5
66 13377.5 13349.7 13450.9 13364.4 6305.2
67 13931.9 13909.0 14001.1 13921.2 9662.0
68 13688.4 13669.7 13754.0 13679.8 8571.0
69 10301.1 10290.5 10359.6 10296.6 9706.8
70 9995.6 9992.5 10047.5 9994.9 10088.0
71 12745.8 12729.7 12809.0 12738.6 10055.7
72 13884.8 13863.1 13952.8 13874.7 8934.0
73 13850.5 13829.2 13918.3 13840.6 9174.8
74 13925.9 13902.1 13995.9 13914.8 8154.6
75 13586.8 13566.8 13653.5 13577.6 9883.3
76 13834.9 13813.7 13902.6 13825.1 9282.6
71 13141.6 131259 13204.4 13134.5 9522.3
78 12733.2 12705.0 12807.1 12719.9 6059.3
79 11764.0 11750.2 11825.2 11757.9 10035.3
80 13869.0 13847.5 13937.0 13859.1 9120.3
81 10669.4 10660.3 10726.5 10665.6 10005.9
82 13093.9 13076.3 13158.4 13085.9 10010.7
83 13618.9 13600.6 13684.1 13610.6 8857.9
84 10486.9 10482.1 10540.3 10485.3 10082.6
85 10540.6 10508.5 10617.9 10525.4 2269.6
86 1755.0 1771.5 1789.7 1764.0 8492.2
87 11823.1 11791.1 11900.2 11807.9 3092.4
88 12753.5 12723.8 12828.6 12739.5 4973.8
89 2060.9 2077.0 2096.0 2069.7 8607.7
90 13925.9 13903.2 13994.8 13915.3 9375.5
91 12665.4 12650.1 12727.9 12658.5 10032.8
92 13634.5 13607.9 13706.9 13621.9 6949.3
93 13935.8 13912.8 14005.0 13925.1 8337.9
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