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Abstract

We discuss a generalization of Goldstein-Kac model on a complex plane and apply
probabilistic approach to construct solutions of the corresponding Cauchy problem for
complex-analytic initial conditions. The method is based on reconstruction of complex-
analytic functions by combination of power functions, for which corresponding solutions
are the moments of evolution process.

As soon as in the hydrodynamic limit the equation for our model approximates a
Schrodinger-type equation, the solutions constructed for pre-limit Cauchy problem may
approximate solutions for corresponding Cauchy problem for a Schrédinger-type equation.
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1. Introduction

Numerous works are devoted to the description of random evolutions (random flights) that
generalize original work Kac (1974) in the multidimensional case. They are mostly devoted
to discussion of convergence of the model studied to the Wiener process, also description
of corresponding equations and solving them for some well posed modes (Orsingher (1986),
Orsingher (2002), Orsingher and De Gregorio (2007), Orsingher and Sommella (2004), Ors-
ingher, Garra, and Zeifman (2020), Cinque and Orsingher (2023), Pinsky (1991), Pogorui
and Rodriguez-Dagnino (2019), Pogorui, Swishchuk, and Rodriguez-Dagnino (2021), Kolesnik
(2001), Kolesnik (2007), Kolesnik (2008), Kolesnik and Orsingher (2005), Samoilenko (2001a),
Samoilenko (2002) and many others). The main problem is that the methods for solving equa-
tions proposed there can not be applied for any model as soon as they are, as a rule, strictly
connected with the structure of the corresponding equation. In the article of Turbin and
Samoilenko (2000) we proposed to change the approach, namely to solve a well posed Cauchy
problem instead of a well posed equation. The idea is based on the use of real-analytic initial
conditions and computation of the moments of Markov random evolution (see also Samoilenko
(2001b)) which solve Cauchy problem for any evolutionary equation with pover functions as
initial conditions. Thus, having corresponding solutions, we may approximate solution for


http://www.ajs.or.at
http://www.ajs.or.at/
http://dx.doi.org/10.17713/ajs.v52iSI.1757
www.osg.or.at

72 Analytic Solutions of Equation for Random Evolution

any initial condition by real-analytic functions.

Here we apply the method, proposed in Turbin and Samoilenko (2000) to equations that
appear in the case of Goldstein-Kac model on a complex plane, namely

t
Wt = & + iy + v /(—1)@(8)@15
0

t t
v [(~1)FOds =+ i+ Do ()9 0as,
0 0

where x + iy is the starting point, v > 0 is the constant velocity of movement, £)(s) is the
Markov chain that takes values in {0,1} and has the infinitesimal matrix

-1 1
QA:)\< 1 _1>

and initial distribution P{&}(0) =0} = p, P{}(0) =1} =¢q,r =p —q.
In Section 2 we show that the expectations of function of the evolution, namely the functionals
defined in (5) satisfy Cauchy problem:

T A = 2’ —— (1)

o2U  OU . LU
o2 ot 022

U(0,2) = f(2), S0 2z = ro(1 +0)f'(2).

In Section 3 this result is used to represent the solution to the Cauchy problem with complex-
analytic initial conditions:

f(z) =020 frz", 2 € C; o)
9(z) = X5 grzt, 2 € C.

Remark. Solution of this Cauchy problem, like in the case of the one-dimensional telegraph
equation, may be constructed by Riemann method in terms of Bessel functions (see, e.qg.
Pinsky (1991), Orsingher (1986), Orsingher (2002), Orsingher et al. (2020), Lachal, Leorato,
and Orsingher (2006), Samoilenko (2001a)). But the probability approach proposed here is
based on the explicit calculation of arbitrary moments of the random process and allows to
avoid analytic difficulties and, moreover, to obtain new formulas for the Bessel functions. It
can also be used in the study of models described by equations that are more complex than the
one-dimensional telegraph equation.

There is also another reason for the construction of a new representation of the solution
of this Cauchy problem. Solution in terms of Bessel functions does not explicitly contain
boundary-layer functions, which is explained by the fact that Riemann method is based on
the analytic-geometric approach. The solutions constructed in the present paper explicitly
contain the regular and boundary-layer components that may be usefull for calculation of
approximate solutions.

Namely, a consequence of our representation of the solution of Cauchy problem is the following
result. We set & = o5 and write equation (1) in the form

0? 2 02 0

In the hydrodynamic limit (see Kac (1974), Korolyuk and Turbin (1993)), when v — oo, A —
o0 so that % — 02 equation (3) has the form of a singularly perturbed differential equation
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with a small parameter for the highest derivative with respect to ¢. In the limit, we have a
Schrodinger-type equation (see, e.g. free-particle wave equation):
g% 02

0 ,
aU(t,z) = 7Z@U(t, z). (4)

Solutions of Schrodinger-type equations may be found in the form of series for corresponding
complex functions. Now we see that Schrédinger-type equation may be approximated by
a singularly perturbed differential equation with a small parameter as the coefficient of the
higher derivative with respect to t.

We show that the solution of Cauchy problem for the last equation also may be presented
as a series. Moreover, in the theory of singularly perturbed evolutionary equations, solutions
often contain a regular (with respect to £) component and a boundary-layer component,
which contains a function of the form exp(—t/¢) (in our case, exp(—2At) = exp(—t/¢)). The
solutions constructed in the present paper explicitly contain the regular and boundary-layer
components.

Thus, we will now construct solutions for complex-analytic initial conditions of Cauchy prob-
lem (1), (2). As soon as other functions may be approximated by complex-analytic functions,
we may thus approximate solutions for Cauchy problems with other initial conditions, and,
assuming € — 0 we shall see approximate solution of Cauchy problem for Schrédinger-type
equation (4).

2. Cauchy problem for functionals of the evolution

Let us consider the functionals of the process ’yﬁ‘zv (t) of the form

Ui(t,z) = E;f(z + (i + 1)v /Ot(—1)f¢<s>ds), (5)

where j € {0,1} is the state of the process £(s) at the moment of time s = 0.

Theorem 1. Let f be a continuously differentiable function with a compact support. Then
the functions Uj(t,z) defined in (5) satisfy the system of backward Kolmogorov equations:

Wo _ (; 4 1)p2% _
il (i —|— Jv i AUy + AUy (6)
Ttl = —(’L + 1)UT£ — )\U]_ + )\UD

Proof. Consider the function Up(t, 2) :

t+At N
Up(t+ At z) = Eof(z+ (1 + i)v/ (=D& ) ds)
0

t+At

— Ef(z+ (1+ )0 /Om<—1>f%<s>ds+ N (—1)$1 O ds)).

The probability that the state of the system will change during the time interval At is equal
A
to A A t, therefore, as soon as (—1)571 = (—1)1+§1A:

t+ At N
Ut + At,2) = (1 - AAEF(z + (i + 1)0/ (1)) gs
At

t+A\t N
—I—(i+1)vAt)+)\AtEf(z+(i+1)v/At (—1)(=1)8E) ds + O(AL)

+o(At), At — 0.
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Due to the fact that the process is stationary P{&}(t + At) = k|&NAL) = j} = P{&(t) =
k|£3(0) = j}, thus we have:

Up(t + Aty z) = Up(t,z) = Ef(z+ (i + 1)v /Ot(—l)@(s)ds

+Gi+1DvAt)— Ef(z+ (i +1)v /Ot(—l)ﬁ?“)ds)

“ANtEf(z+ (i + 1) /t(—1)€?<8>ds +(i4+1)v At)
0

HAALEf(z+ (i 4 1)v /Ot(—l)ffl(s)ds + O(A)) + o(At), At — 0.

Dividing by At and tending At — 0 we have:

% =-ANUp+ U1 + (i+1)v

It is necessary to justify the passage to the limit:

o,
0z

o BIGH i+ DAt JH=DE G ds) — Ef(z + v [1(=1)86)ds)
Ago At

gy JEE A0 A 0 [{(-DEWds) — f(z 4 v fy(~1)5EPds)
At—0 At

Uy

0z

The limit can be carried under the expectation sign due to Lebesgue’s theorems on passage
to the limit under the integral sign, pointwise convergence of the expression under the sign
of mathematical expectations to (i + 1)vf. (because f is continuously differentiable) and
boundedness of the integrand, which is different from 0 on a compact support.

By analogy, we have % =—(i+ 1)1}% — AUy + AUj. This completes the proof of Theorem

1. O

= (i+ 1)vEf. = (i 4 1)v.

According to the result in Kolesnik and Turbin (1991) (see also Pinsky (1991)), the functions
satisfying system (6) satisfy equation:

o NG
9 4N —y(l+i)2 A
ot 0z —
det( S\ D a+o(l4+i)2 )U(t’z) 0,

where U(t, z) means Uj(t,z),j =0, 1.
Calculating the determinant, we have:
0?U ou , 02U

Let us formulate the Cauchy problem for equation (7), whose solutions are the functions
Uj(t,z). From the definition of functions we have: Uj(t,z) = Ejf(z+ (i + 1)v fé(—l)g(s)ds)
and for ¢ = 0 we get U;(0,z) = E;f(z) = f(z). For initial distribution P{{(0) = 0} =
p, P{£(0) = 1} = q we get U(0, 2) = pUp(0, 2) + qU1(0, 2) = f(2).

From the system of backward Kolmogorov equations we have:

oUy(t
08(t72)|t0 = —AUo(t, 2)|t=0 + AU1(t, 2)|1=0
oUy(t
+(i + 1)11%(2’2)&0 = =M (2) + Mf(2) + (i + 1)vEq fL]i—0
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= (i + DvEofi(2) = (i + Dvfi(2).
By analogy, = —(i + 1)vfl(z). Taking into account the initial distribution, we
have: U{(tyz)lt—o =p(Uo); — q(U); = (p — @) (i + v f'(2) = (i + Dorf'(2).
Thus, the Cauchy problem for equation (7) has the form:
U(0,2) = f(2), U{(t, 2)|t=0 = (i + Dvr f'(2). (8)

We proved the following theorem.

<9U1tz |_

Theorem 2. The function U(t,z) = pUo(t,2) + qUi(t, z) satisfies equation (7) with initial
conditions (8).

3. Solution of Cauchy problem

Let ¢ (t,z;n) = E (V;\Z“(t)) then the function ¢?(t, z;n) solves equation (7) with initial
conditions

f(z) = 2" 9(2) = ro(i + 1)nz""1, 9)
If r = 0, and thus in (9) g(z) = 0, then the solution U (¢, z) of the Cauchy problem
U(0,2) = f(2), Uit 2)li=0 = 0 (10)

with complex analytic function f(z) = 3272 fx2"* has the form

kac (t,z; k).

If  # 0 then the function Wll-‘rl) [ U(t,z;m) — Co “(t, 2; m)} for m > 1 is a solution of
equation (7) with initial conditions

and then the function

ur(t, 2) —glqm { U(t,z;m) —cO Y(t, 2; m)}

solves (7) with initial conditions
f(2)=0, 9(2) =Y gm12™""
m=1

Hence the function

oo
Jk—1 A,
uo(t, z) +ur(t, 2) = foco (t,20)+ g fk:Co (t,z;k)+ m( (L, 2z k) fco Y(t, z; k))]
is the solution of (7) with initial conditions f(2) = 322, fxz¥, g(2) = 372, gr2". Since the
function £% (1 — 6*2)‘t) solves (7) with initial conditions f(z) =0, g(z) = go we arrive at the
next result.

Theorem 3. Let ¢)(t, z;n) be a solution of equation (7) with initial conditions (9). Then
the solution U(t, z) of the Cauchy problem (8) with complex analytic conditions (2) is given
by

Ult,z) = f0+2)\< e M) + kglfkco (t,2:k) + %(Av(mm—% (t.2: )]
(11)
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The problem of constructing the solution is thus reduced to calculating the moments ¢} (¢, z; k)
of evolution defined by Kac model on a complex plane.

4. Moments of evolution on a complex plane

In this section we use the ideas of the article Turbin and Samoilenko (2000) to calculate
moments of evolution on a complex plane. Note that the trivial substitution of new coefficients
into the formulas of the work Turbin and Samoilenko (2000) does not give the desired result.

Lemma 1. The following equality holds true:

(5]
hm M(t, zn) = Z (n) 2" g (a t) (i +1)7, (12)

29

'u—>oo _] 0
”7—>02
where [p] is the integer part of p,
) 1-3-...-(2j = 1) if jis an even number;
M7= 0 if jis an odd number.

Proof. By definition

oy :E<z—|—v(i—|—1)/0t( 1)) ds)n ZZ:( ) "_JE< (i+1)/0t(—1)f?<8>ds>j.

From the weak convergence of the process v [j(— 1)5(9)ds for A — 00, v — o0, )\ — 02 to
the Wiener process (see Kac (1974), Plnbky (1991)) ow(t), Var w(t) =t, it follows that

lim F |:U(Z + 1) 5T (s) ds} (t+1)" (O’zt)n,
A— o0
i
which gives (12). The proof of Lemma 1 is complete. O

The lemma allows one to seek a solution to equation (7) with initial conditions (9) in the
form (see also Samoilenko (2001b), Kolesnik (2012)):

n—1 (] 2 \J
AU n ronz —oAt) /- n n—97 v . .
Ut zn) = 2"+ e (1 1)+ D [ ot 1)
cV(t,zim) = 2" + o) ( e )(z—i— )+j_1(2j)z /m](/\ > (i+1)
+an(t,2) + bat,2) (1= €M) (13)

where the functions a,(t, z) and ¢, (t, z) are polynomials in z (for a fixed t) and in t (for a
fixed z) which degree is at most n — 2. Since ¢%(0, z;n) = 2", then the condition

a(0,z) =0 (14)
must be necessarily true. Differentiating (13) with respect to t, we find

(5] J
gt Mt zn) = ro(i + 1)nz""e 2”+Z( ) "2 g (f) 914 1)
gta(t z) + (gtb(t’ z)) (1 - e*”‘t) — 2\b(t, z)e A,

As soon as % U(t, z; n)’t 0= = rv(i +1)2"!, we obtain one more condition on a,(t,z) and

cnlt, 2):
" n\ o v? 2 . 0
(2)2 1o <A> G+1)+ pran(t,)  =226n(0,2). (15)

t=0
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Theorem 4. The functions an(t,z) and by(t,z) are given by:

if n is even:

n_1n_j n_ogn_ s
an(t7 Z) _ 2 2 lj( ) n— 2(k+])tk(z—|— 1) (k+7) 22 22 o= 2(k+35)— tk(i—l— 1)2(k+j)+1’
j=1 k=1 j=0 k=1
%71 %7] n -1 n .
bn(t, Z) _ gk) n— 2(k+])tk 1(Z+1)2(k+] + Z Z f (k) SN 2(k+35)+1
j=0 k=1 Jj=1 k=1
th—l(i+1)2(k+j)—1+if(k) n—2k+14k— 1( _|_1)2k: 1.
k=2
if n is odd
[5]-1[3]- [3]-2[5]-i-1
an(t,z) = 1) n 2(k+y)tk(z+1) (k+7) 4 Z Z dF) jn—2(k+j) tk(z+1)2(k+])
j=1 k=1 j=0 k=1
(411 (3] | EROIOES |
bn(t, Z) = e§k)z”_2(k+3)tk_1(i + 1)2(k+J) + Z Z f](k)zn—2(k+3)+1
J=0 k=1 Jj=1 k=1
thil(’i—{—l (k+7)— + Z f P 2k+1tk71(i+1)2k71'
Here
l(l)
oD —
J 2)\
k) 1 (k+1) 2 (k—1) .
x(n—20k+j—1) = 1), k#1:
k 1 k41 k1 +1
1 = o (A k= Y e )k Y (k1) -k
+2F Y (= 2k 45— 1)) (- 20k + 5 — 1) — 1)
—2e) (= 2k 4+~ 1)) (n—2(k +j—1) — 1))
(1
PO iy
J 227
(k) _ 1 (k1) 1 (e 1) — o2 ¢ D 0 o 1) 1
x(n—2(k+j 1)), k#1;
k 1 (k+1) . S(k+1)
df) = o (201 k—dY (k+1) -k
A5 k) ko2 d T 2k 1)~ 1) (n-2(k+ - 1)
(0 = 2k + §) + D)(n —2(k + 5))).
k
In doing so, we assume b(()k) = (212) M2k (%) , k=0,..., [%] and , f(gl) = —5%, and in the

case when k and j go beyond the specified limits of change we put bg-k) = dg-k) = egk) = fj(k) = 0.
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5] N ko N

Proof. We put vy(t,2) = 3 (9.) 2" *F ok (UTt) (i + 1)2) + a,(t, 2), then cM(t,z;n) =
k=1

2"+ % (1 — 6_2>\t) +vp(t, 2) + bu(t, 2) (1 — 6_2)‘t).

Substitute this expression into equation (7), and then group and equate the free terms and
the terms at e~ M. We get:

0? 0 , 5 o 0 n(n —1)(n — 2)rv3(i +1)32"3
L by — 22 by, = (i + Dby, — 1
giatn ~ PAgytn = (4 D)0 550 2) (16)
and 0? 0? 0 0
— b o— 2 20, n—2
52 n 8t2b + 2)\8 2)\atbn v (i+1)°(n—1)nz
n(n —1)(n — 2)rv3(i +1)32"3 9, 5 07 9,. 5 02
) —suv, 1)"—=by, 1
+ o HU( 1) v — v (i 1) 5 (17)
Equality (15) may now be written as:
vn(t, 2) = 2\, (0, ). (18)

at " o

n k
The polynomial v,(t,z) includes the sum Z,[fz]l (o) 2" 2 pay, (§t> (i + 1), denote the

coefficient of 2" ~2k¢*(; +1)% by l(()k). Since in relations (16) and (17) connecting polynomials
vy, and by, differentiation with respect to z is performed twice, the degree of each next term in
z will be 2 less than the previous one, so the coefficient of z"~2(++7)¢k(; 4 1)2(k+9) is denoted

by 1),

(1)
It can be seen from (18) that the polynomial b,(¢,z) contains the term lg—/\z”_z, denote

(1) .
e(()l) = 3y, and similarly to the previous one, the coefficient for 2"~ 2(ktg) gh— Li41) 2(k+3) via

e§k). If in relation (16) we collect the coefficients at the powers of z and ¢ coinciding after

differentiation, we get:

D (k= 1) k= 20k — 1)el? =02 (n =2k 4+ 5~ 1)) - (n—2(k+j — 1) - 1).

(1)

Since coefficients with smaller indices were found earlier, for example, ey’ is already known,
while e(ﬁ is set equal to 0 (j goes beyond the specified limits of change), 6[()2)

we have:

can be found,

P = gy () ke (k=) =2 =2k 4 = 1)) (0= 2k 45 = 1) = D).

Since the degree of z is reduced by 2 when differentiating, the term with z*~3 does not yet

n(n—1)(n—2)rv3(i+1)32"~
2\

3
occur, and therefore the presence of the expression in relations (16)

and (17) is taken into account below.

Similarly, collecting the coefficients in (17), we obtain:

(k+1) (k+1) (k) (k+1)

B o (k+1) k—elmh) - (k+1) - k42X, k — 2Xe; ")

R+ DAED (25— 1) (n -2k 45— 1) — 1) (i + 1%l
x(n—=2k+j—-1) - n—2(k+j—-1)—1).

(k) (k)

Since we know coefficients of lower indices, e.g. [y~ and e, we have:

QN (2)\6

(k+1) 1 (k+ 1)_ 1.
; OV L2V (B+1) - k+e; (k+1)-k

J—
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k—1 . . . k
02+ DAY -2k 45— 1) - (n— 20k + 5 — 1) — 1) — 020 + 1)%l)
x(n—2k+j—-1) - (n—2(k+j—-1)—1)).
(1)
Then from (18) we find egl) = 4y and repeat the same procedure. The limits of k£ and j can
be found from the considerations that polynomials have degree at most n — 2 and variables z
and t cannot have degree less than 0.

However, relations (16) and (17) contain term ™“=D(= 2)27}\) 12" which will give its
contribution to vy, (¢, z) and by, (t, z). Denote fél) — 5% - coefficient at 2" (1 - e‘”‘t) (i +

1), and in general f;k) - coefficient at z"—2(k+i)+14—1 (1 — 6_2)‘t) (i +1)2k+9)=1 and dg-k) - at
2= 2(kti) =1k (j 4 1)2(+)+1 - Applying the above procedure, we obtain the required relations.
The proof of Theorem 4 is complete. ]

In conclusion, we present equation (7) in the form of a singularly perturbed Cauchy problem:

5 02 % 0? 0

U(0,2) = f(2), gU(t z)

T —r—(@—i— 1)f'(z), r € R.

t=0 V2e

Using Theorem 4, we present solutions of this Cauchy problem for conditions of independent
interest (in square brackets the regular part of the solution is distinguished):

t

flz) =2 : U(tz) = {z—f—\;ias(i—i—l)} —Egg(z_{_l) =r

f(2) =22 1 Ut 2) = [2 4 02+ 1) +rov2ez(i +1) = 0220 +1)%] + (o22(i + 1)
—roV/2ez(i + 1)) e*f?;

f(z)=2°: Ut,z) = [23 +320%t — 3z (i + 1) + \3/20522@' +1)% - \3/%(7 e3(i+1) }
_t

S—TaeSZQ(i +1) + 3—T035t(i +1)% + 3—0 3 +1)%e 2.

V2 V2 V2

If we put € — 0 we easily see the solutions of Cauchy problem for Schréodinger-type equation

(6).

+(3z0%e%(i +1)% —
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